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jrt , In this paper, we give two proofs of the wellfoundedness of recursive no- 

tation systems for Iljv-reflecting ordinals. One is based on n^_j^-inductive 
definitions, and the other is based on distinguished classes. 

> ■ 1 Introduction 

^D • This is a sequel to our [8 . In '8 we proved the wellfoundedness of recursive 



notation systems for reflecting ordinals up to n3-reflection by relevant inductive 

definitions. 
1^ I Let KPIlAr {3 < N < uj) denote a set theory whose intended models are 

L^r with IlAr-reflecting ordinals tt. It is easy to see that KPHat proves that 

any n5^_-^-inductive definition eventually reaches to a closed point. We have 

designed a recursive notation system Od{IlN) of ordinals so that the order type 

of its countable fragment is the proof-theoretic ordinal of KPIIat. An element 
^1^ ■ of the notation system is called an ordinal diagram. One half of this result 

H I was accomplished by cut-elimination in [7] . The other was to show that KPn^v 

proves the wellfoundedness of Od(njv) up to each countable ordinal in it 

In this paper, we give two proofs of the wellfoundedness. One is based 

on n5^_-^ -inductive definitions, and the other is based on distinguished classes. 

Proof theoretic study for n^v-reflecting ordinals via ordinal diagrams Od{]I]\[) 

will be reported in a forthcoming paper [7j. 

Ord denotes the class of ordinals. 11° denotes the arithmetical hierarchy on 

oj, while n„ the Levy hierarchy on sets. 

Definition 1.1 (Richter-Aczel 11 ) 

1. By an operator we mean any function F on 'P{u)). 



2. An operator F determines a transfinite sequence (F^ : x S Ord) of subsets 
of Lu, where F^ = lj{r(r^) : y < x}. The closure ordinal |F| of F is the 
least ordinal x such that F^+i = F=". The set defined 6y F is F°° = fI^^I. 

3. An operator F is said to be n° if {{n,X) e w x V{lo) : n £ F(X)} is 
defined by a n^-forniula. 

4- For operators Fo,Fi let 

n£ [Fo,Fi](X) :<=>n£ro(X) V [To{X) CXkneTi{X)]. 

5. Let $Oi'J^i be classes of formulae. An operator F is said to be [$o,'I'i] if 
F = [Fo,Fi] for some F, G $» (i < 2). 

6. For n £ T°° its norm |n|r (relative to F) is the least ordinal x such that 

n e F^+i(on G F(F^)). 

Let L(PA) denote the language of Peano arithmetic. Variables in L(PA) are 
denoted hy n,m, . . .. 

Definition 1.2 Let $ be one of the classes H^, [n°,n^] {n,m G uj). Then 
$-Fix denote a first order two-sorted thoery defined as follows. Its language 
L(Fix) is obtained from L(PA) by adding variables x, y, . . . for ordinals, and 
binary predicates x — y,x < y (less than relation on ordinals) and binary 
predicate n G F^ for each F G $. 

Axioms of the theory $-Fix are classified into four groups: 

1. Axioms of PA in the language L(Fix) and equality axioms for either sort. 

2. The defining axioms for n G F^: n G F^ O Ely < x[n G F(F^)]. 

3. Axioms for the well ordering < on ordinals: < is a linear ordering and 
transfinite induction schema for any formula F G L(Fix): 

Vx[Vy < xF{y) -^ F{x)] -^ \IxF{x). 

I Closure axiom: F(F°°) C F°° for F°° = {n : 3x{n G F^)}. 

General Conventions. Let {X,<) be a quasiordering. Let i^ be a function 
F : X 3 a ^^ F{a) C X. For subsets Y,Z ^ X oi X and elements a, /3 G X, 
put 

1. a</3<^a</3orQ: = /3. 

2. y|a = {/3Gr :/3<a}. 

3. Y <Z ■.■^3P e Z\Ja G Y{a < /3). 

4. Z < y :^ V/3 G Z3a G r(/3 < a). 



5. Y < f3:^Y < {/?}; a < Z -.-^ {a} < Z: 
P <Y -.^ {P] <Y- Z < a ■.<^ Z < {a}. 

6. F{Y) = [j{F{a) : a e r}. 

7. [a,/3] = {7 e X : a < 7 < /3}. Open intervals (a, /3) and half-open 
intervals [a,/3), (a,/3] are defined similarly. 

8. When {X, <) is a linear ordering with its least element and F is a finite 
subset of X, maxK denotes the maximum of elements a ^Y with respect 
to the ordering <. liY = 0, then, by convention, set max0 :— 0. 

9. Let X<" denote the set of finite sequences on X. Then <iex denotes the 
lexicographic ordering on X'^'^ with Vs G X"Vi £ X"+^(s <ie2; t). If < is 
a linear [well] ordering, then so is <iex, resp. 

In each system of ordinal diagrams the Vehlen function (pail^) = ipajS is 
built-in as a constructor so that LpQji = lo^ . Natural numbers are defined from 
this as usual and denoted by i, j, fc, I, m, n 

Now let us mention the content of this paper. 

In Section[2]we recall briefly the system Od of ordinal diagrams (abbreviated 
by o.d.'s) in [S]. The system Od is a super-system of all systems of o.d.'s 
considered in this paper. 

Let Od' be a subsystem of Od which is closed under subdiagrams. The 
Section [3] is divied into two subsections. In the first subsection 13.11 following 
Setzer [12] and Buchholz [10] Q, we define sets C"(X) C Od' for a eOd',X C 
Od' . In the second subsection 13.21 we examine operators related to the sets. 
Almost all of these materials are reproduced from [8] , and proofs are omitted. 

In SectionlUwe introduce a system Od(njv) of o.d.'s for each positive integer 
A^ >4. 

The section is divided into seven subsections. The first four subsections are 
intended to give a set-theoretic interpretation of o.d.'s which is suggested by 
our wellfoundedness proof in [4] and in Section |6l 

The first subsection 14. II begins with defining iterations of Mahlo operations. 
These are intended to resolve a Iljv-reflecting universe. Since the resolving of 
Iljv-refiecting universes by iterations of n2-recursively Mahlo operations is so 
complicated, we first explain the simplest case in subsection 14.21 Namely II3- 
refiecting universe Af| on Ils-reflecting ordinals. The subsection consists in 
three subsubsections. In the first one 14.2.11 we define Mahlo classes to resolve 
M^ by iterations of 112 -recursively Mahlo operations. In the second one 14.2.21 
we define the subsystem Od{M^) C Od of ordinal diagrams for M^. In the third 
one l4.2.3l we prove the wellfoundedness of the countable fragment Od{M^)\n by 
means of a [n^,!!^]- inductive definition. 

In subsection l4.3l we define Mahlo classes for n^v-reflection, and in subsection 
I4.4l we associate Mahlo classes to o.d.'s in Od{Ili\[). 



^In the previous article [S] , I attributed techniques on distinguished classes totally to 
Buchholz 1101 , some of which were actually developed by Setzer |12| . I have learned the fact 
from the review I13| of [8] written by Setzer. 



In subsection 14.51 we define the system Od(njv) of o.d.'s. 

In subsection 14.61 a finer analysis of relations ^i on Od{IlN) is given. The 
analysis inspires us about the ramification procedure in subsections 14.31 and 14.41 
and enables us to prove the wellfoundedness in Sections [S] and HI 

In subsection 14.71 we introduce decompositions a{s) of ordinal diagrams a, 
where s denotes a function in ['''=) 2 (2 < i < fc < A^ — 3). In the next section [5] 
we define a suitable nj^_]^-operator Tn through the decompositions. 

In Section[5]we prove the wellfoundedness oi Od{IlN)\^ by means of alljv-i- 
inductive definition as an extension of [S]. 

In subsection 15.11 we define operators Gi (^ < i < N — 1) on Od(njv) recur- 
sively. Using these operators, a n^_^-operator r^v is defined. In subsection 15. 21 
we show the adequacy of the operator T^ . In subsection 15.31 we conclude the 
proof. 

In Section [6] we show that KPn^v does the same job, i.e., that for each 
a < ri in Od(njv) KPHat proves that {Od{IlN)\oi, <) is a well ordering. The 
wellfoundedness proof is based on the distinguished class (in German: Ausgeze- 
ichnete Klasse) and is an extension of ones in [3] , [3] . The proof is essentially 
the same given in |4|. 

In the first subsection 16.11 distinguished classes are defined and elementary 
facts on these classes are established. In the second subsection 16 . 21 we introduce 
several classes of Mahlo universes and establish key facts on these classes. This 
is a crux in showing Od{IiN) to be wellfounded without assuming the existence 
of the maximal distinguished class Wd , which is Sj on w and hence a proper 
class in KPIIat. These classes imitate the ramification procedure described in 
subsections 14.31 and 14.41 In the third subsection 16.31 we conclude a proof of 
wellfoundedness of Od(njv). 

We rely on the previous [5], and state some lemmata without proofs since 
we gave proofs of these in [8] 

2 The system Od 

In this section let us recall briefly the system Od of ordinal diagrams (abbrevi- 
ated by o.d.'s) in [8]. The system Od is a super-system of all systems of o.d.'s 
considered in this paper, and each of them is obtained by posing restrictions on 
the construction (u, a, q) t-^ d%a in Definition 12.1131 

Let 0, ri, TT, -|-, (/?, + and d be distinct symbols. Each o.d. in the system Od is a 
finite sequence of these symbols, ^p is the binary Veblen function. Vt denotes the 
first recursively regular ordinal cjp^. cr+ denotes the next recursively regular 
ordinal to a. 

£a denotes the number of occurrences of symbols in the o.d. a. Let sd{a) 
denote the set of proper subdiagrams (subterms) of a. Thus a ^ sd{a). Also 
put sd'^(a) = sd{a) U {a}. 

The set Od is classified into subsets R = {Tr}(jV'^\JSR,SC, P according 
to the intended meanings of o.d.'s. P denotes the set of additive principal 
numbers, SC the set of strongly critical numbers and R the set of recursively 



regular ordinals. Ordinal diagrams are denoted a, ^, 7, . . ., while ct, r, . . . denote 
o.d.'s in the set R. 

Let us reproduce generating clauses of o.d.'s not in [5]. 

Definition 2.1 Od. 

1. aeV'^kO<k<uj^a+'' e SrE 

2. Let a& Odka e {tt} U S R ^ {n} Li {k+'' : KeVQ,k > 0}. Put r] -.^ d„a 
and define 

6(77) = a, Q{ri) = 0, c(77) = {a} U Q{ri) = {a}. 

Assume that the following condition is fulfilled: 

S><,({a}Uc(r,))<6(r,) = a (1) 

Then rj = d^-a G SC. 

3. Let a G OdSza € {it} U V'^ k,q — jktv C Od, where q = jkt^ denotes a 
non-empty sequence of quadruples jmK,mTmVm of length ^ + 1 (Z > 0). Put 
77 := d^a G P^ and define 

6(77) = a.Qivi) ^ q^ {jm,Km,Tm,i^7n ■ m < 1} , c{r]) = {a} UQ{ri). 

Assume that the condition ([T]) is fulfilled. 
Then 'n = d%aeV§. 

Vcr denotes the set of diagrams of the form d'^a. a ^ /3 denotes the transitive 
closure of the relation {{a, /3) : a E T^p}, and p -< cr <^ r ^ cr for p G Vr- For 
any a G Od, set a < 7r+ — cx) where 7r+ = cx) denotes an extra symbol not in 
Od. 

Finite subsets of subdiagrams of o.d.'s a, K'^a C I? n sd^{a), Ka C SC n 
sd'^{a), Ba{a),Bycr{ct) C sd{a) and Kcra C s(i+(a) CiV are defined as in [5], 
[8]. Specifically for a G Pr 

r ir,({T}Uc(a)), if(T<r 

i^Ti^a = < XcrT, if T<cr&T;^cr 

[ {a}, if a -< CT 

Lemma 2.2 i. a ^ ;3 =^ ^;3 < to & a < /3. 

2. If 13 E K„a, then P ^ a, /3 is a subdiagram of a and a is a proper 
subdiagram of a. 

3. a < ak K^a <l3^a^a<p. 



■^In proof-theoretic studies, i.e., cut-elimination in [5], [6] and [7] the construction ct M- cr^ 
is not needed. The construction helps us to define the system Od{Tlff) smoothly. 



4- K^a < a. 

5. a Cz T^a & K < (T => K^a < a, and a ^ r G V^ k: k < a ^ K^t < a. 

As in [5] we see the following lemma. 
Lemma 2.3 Fora,P,T e Od, a < l3 < t ^ Br{a) <Br{l3). 
Lemma 2.4 For a, l3 e Od, a -< (3 e V ^ h{(3) < 6(a). 

3 Sets C"(X) and operators 

Let Od' be a subsystem of Od which is closed under subdiagrams: a G Od' => 
sd{a) C Od' . X,Y, . . . ranges over subsets of Od' . In this section we define sets 
C°'{X) C Od' for a e Od',X C Od' , and examine operators related to the sets. 
Almost everything in this section is reproduced from [8 , and omitted proofs 
of lemmata can be found there. 

3.1 The sets C"(X) 

Following Setzer [12 and Buchholz [TU] we define sets C°'{X) C Od' for a G 
Od',X C Od' as follows. 

Definition 3.1 For a e Od',X C Od' , let 

C"{X) := closure of {0,17, 7r}U (X|a) under +,^,KH^ K+ 

and {(7, a,q) t-^ d^a for a > a in Od' (2) 

Lemma 3.2 X\a = Y\a ^ C"{X) = C"(y) and X i^ C"(X) is monotomc. 

Definition 3.3 Consider the following conditions for X C Od' : 

(A) VaeXiaeC^iX)]. 

(K) \fa e XValK^a C X]. 

(KC) VaV/3V(T[a G C^(X)&a < ^ ^^ K^a C X]. 

Lemma 3.4 Assume X enjoys the condition (K). Then X enjoys the condition 
(KC), too. 

Lemma 3.5 Assume X C Od' enjoys the condition (A). 

1. a<P^C^{X) CC"(X). 

^. a<l3 <a+ ^ C^{X) = C"(X), w/iere a+ := min{o- G i?U{oo} : a < ct}. 
Lemma 3.6 Assume 7 G C"(X), a < /3 and Vk < /3[iir„7 < a]. 



1. Assume LIE: \fS[iS < (.-fkS G C"(X)|a ^ 5 e C^{X) D X\a]. Then 

7eC'3(x). 

2. C"{X)\a<ZX ^-feC^iX). 

Definition 3.7 An operator T on Od' , i.e., T : V{Od') -^ P(Orf') is said to be 

persistent a Va G Od'VX, F C Od'[X\a ^ Y\a ^ T{X)\{a + l) = r(y)|(a + l)]. 

Definition 3.8 1. g{X) := {a : a e C^iX) &iC°'{X)\a C X}. 

2. R' := {a G Od' : V,, n Od' ^ 0} C i?. 

3. ae T2{X) :^a<7rAa^i?'AaG g{X). 
Lemma 3.9 The operators Q and T2 are Yi\ and persistent. 
Lemma 3.10 Assume a G C°'{X) and a < a. 

1. a eC"{X). 

2. Ifae g{X), then a G C^iX) for any (3 with a<l3<a. 

3. If a e g{X) and a eVr, then a G 0^{X) for any (3 with a < (3 <t. 
Lemma 3.11 Assume [j{I<<ri^ : cr < k} C X\p. Then v G C'iX). 
Proof. We show, by induction on £7, 

V7 G sd+{v)'{j{K^-i :cr<K}CX|/7^7G C"(X)] 

for the set of subdiagram sd'^{v) of v. 

lij^V, then IH yields 7 G C^iX). Suppose 7 G Pr & [j{K<yl ■ cr < k} C 
X\p with some {r} U c{j). 

li T > K, then IH yields {t} U 0(7) C C'^{X), and hence we are done. 

Suppose T < K. By {JlK^'f '■ a < k} C X\p we have {7} = Kr"i C X\p C 
X|kCC«(X). D 

Lemma 3.12 Assume X enjoys the conditions (A) and (K). Further assume 
OL G Q{X) and a ~< a. Then either 35 £ X[a < 5 ~< a] or a £ G{X). 

Proof Suppose -^36 G X[a < d -< a]. We show a G g{X). a G CiX) follows 
from Lemma [3. 10121 It remains to show 7 G C"'{X)\a => 7 G X. 
Casel 7 < a: By Lemma EHI] we have 7 G C'^{X)\a C C"(X)|a C X. 
Case2 "/ — a: By ^ — a ^ a we can assume 7 G 2?k for a k > cr with 
{k} U 0(7) C C°'(X). Then we would have k < a < k. This is not the case. 
CaseS 7 > a: Then a < 7 < cr. Lemma [2.2131 yields a < K^j. 

On the other side, X enjoys the condition (KC) by Lemma 13.41 Thus 
Kal '!= X. However 6 ^ a for any 5 G -ft'0-7 by Lemma [2.2121 Therefore we 
would have 36 £ X[a < S -< a]. D 



3.2 Families of sets in wellfoundedness proofs 

Let 0[X] denote a (definable) property on subsets X of Od' . In this subsection 
some conditions on families of sets are extracted from wellfoundedness proofs, 
and we derive properties of sets under the conditions. 

Definition 3.13 1. We := U{^ : ^Wl- 

2. ge:^gim)\7T. 

Definition 3.14 1. Prg[X,Y] :^\/a{X\a CY ka e X ^ a eY). 

2. For a definable class X, TI[X] denotes the schema: 

TI[X] :<^ Prg[X, y] -)■ X C y holds for any definable class y. 

3. For X C Od' let WX denote the wellfounded part of X. WX is defined 
from the monotonic IlJ-operator (in X) Ta{Y) := {a G X : V/3 G X\a{[3 G 
Y)}. 

Consider the following conditions on the property 9: 

(9.0) We < TT. 

(9.1) Va e X3Y C X{9[X] ^ 9[Y] kae g{Y) kX\a = Y\a}. 
{9.2) For any X with 9[X], TI[X] and a e X ^ >Ve|a = X\a. 
(61.3) T2{We) C We, i.e., Va < 7r[a ^ i?'&a e ^e ^ a e We]. 
{9.A) \Ja[a G SRkaC Ge ^ a e We]- 

3.2.1 Elementary properties of the family of sets 

Lemma 3.15 Assume that 9 enjoys hypotheses (9.\) for i < 1. For any X G 

{X:9[X]}VJ{We}, 

1. Va G X[a G C"'{X)\, and hence X enjoys the condition (A) in Definition 



2. \iT[a e X ^ K^a C X]. 

3. yp'iTla G Cf^{X) ^ Kra C C^iX)]. 
Hence X enjoys the conditions (K) and (KC) in Definition 

Lemma 3.16 Assume that 9 enjoys hypotheses {9.i) for i < 1. For any X G 
{X : 9[X]} U {We}, if a e g{X) and a<cj, then either 35 G X\a < 5 < a\ or 

aeGiX). 

Proof. This follows from Lemma 13.121 with Lemmata 13.15111 and 13.15121 D 



3.2.2 Hypotheses on wellfoundedness 

Lemma 3.17 Assume that 6 enjoys hypotheses {9.i) for i < 2. 

1. TI[W0]. 

2. For any X £ {X : e[X]} U {We], X C g{X). Hence a G C''(X)|^&^ G 
X ^ I3^X. 

3. Let X (^ {X : e[X]} U {We} and assume (61.3) V2{X) C X. Then Va < 
TT[Ka C X => a e X]. 

Lemma 3.18 Assume that 9 enjoys hypotheses {O.i) for i < 3. Then 

WOd'\n = We\n. 

Definition 3.19 Set 

Wn^C^iWe). 

Lemma 3.20 Assume that 9 enjoys hypotheses {9.i) for i < 4. 

1. We C W^ and W^\n = Weln. 

2. TTG W^. 

3. aeW^<^ K'^a C W^ ^ K'^a C We- 

4. a £Wt, ^ K„a C We & a e Cf^{We) for any a and /3. 

5. For each n G uj, TI[WTr\uJn{TT + 1)] with LL!a{a) — a,a;„+i(a) — 0;'^"^"^. 

Definition 3.21 For o.d.'s a e Od' and finite sequences of quadruples q C Od' , 
define: 
1. 

A{a,q) :<^ V(T G W^Vai G V^la = b{ai)kq^ Q{ai) ^ ai G We]. 

^. 

MIH(a) :^ V^ G W^|aVg C W^A{l3,q). 

3. 

SIH(a,(7) :^ Vqo C W^feo <ie:E 9 ^ ^(a,go)], 

wfiere sequences of quadruples q — {jm, Km, Tm,Vrn '■ ra <l) are arranged 
in the ordering: q = {ji,Ki,Ti,iyi, . . . ,Jo,ko,to,vo). 

Lemma 3.22 Assume that 9 enjoys hypotheses {9.\) fori < 4. Suppose Mni{a). 
For any o.d. /3 G Od' 

/3gC"(W9)&S>,(/3) <a^(3eWr.. 

Theorem 3.23 Assume that 9 enjoys hypotheses {9.i) fori < 4. Assume {a}U 
g C W^, MIH(q:), and SIH(a, g) in Definition lKM Then 

V<T G W^rVai G T>„[a = b{ai)kq^ Q(ai) ^ ai G Ge]- 



3.3 Hypotheses on operators 

Let r denote a first order operator on a subsystem Od! of Od. Let 6\X] :<^ 
3x e Ord[X = T% Tfius 

Definition 3.24 1. W := Ulr'^ : x G Ord}. 

2. g ■.= g{w)\TT. 

3. \a\ := |a|r for a G W. 
Consider tire following conditions on F for any X G {T^ : x G Ord] U {W}: 

(r.o) T{x) < TT. 

(r.i) r{x) c e(x). 

(r.2) a,/3 G W&a < /3 ^ |a| < |/3|. 

(r.3) r2(X) C r{X), i.e., Va < 7r[a ^ i?'&a G a(^) ^ae T{X)]. 

(r.4) VaiaG^i^feaGa^aG W]. 

(r.5) T{W) C W. 

Lemma 3.25 Assume T enjoys the hypotheses (F.i) for i < 2. Then 9[X] :<=> 
3a; G Ord[X = L^] enjoj/s (6'.i) /or i < 2, and X C g{X) for any X G {L^ : 
a: G Ord}. 

Furthermore ifV enjoys (F.i) for 3 < i < 5, t/ien (0.1) for 3 < i < 4 holds. 

In general for any persistent operator F satisfying (F.2), W C F(yV) holds. 

Lemma 3.26 //F is persistent and enjoys (F.2), then W C F(yV). 

4 IlTv-reflection 

In this section we introduce a recursive notation system Od{IlN) of ordinals for 
each positive integer N > 4, which we studied first in [T]. 

Let KPIIat denote the set theory for IlAr-reflecting universes. KPIIjv is 
obtained from the Kripke-Platek set theory with the Axiom of Infinity by adding 
the axiom: for any IIjv formula A{u), A{u) -^ 3z{u G z&A^(m)), where A^ 
denotes the result of restricting any unbounded quantifiers Qx {Q G {3, V}) in 
A to Qx G z. 

We show that for each a < 17 in Od{IlN), both KPFEat and IlAr-i-Fix prove 
that the initial segment of Od{Ii]\[) determined by a is a well ordering, where fl 
denotes the first recursively regular ordinal wp^ and tt the first IlAf-reflecting 
ordinal. Each a G Od(njv) is less than the next epsilon number Ett+i to n. 
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4.1 Prelude 

The main constructor in Od{Tli\{) is to form an o.d. d'^a < a from a symbol d and 
o.d.'s a, q, a, where a denotes a recursively regular ordinal and q a finite sequence 
of quadruples of o.d.'s. By definition we set d%a < a. Let 7 -<2 cr :<^ 7 ^ cr, 
and :<2 its reflexive closure. Then the set {t : a ^2 t} is finite and linearly 
ordered by -<2 for each a, namely {cr '■ cr ^2 t^} is a tree with the root it. 
In the diagram d^a q includes some data telling us how the diagram d'^a is 
constructed from its predecessors {t : d'^a -<2 t} = {t : cr ^2 ■''}• Here 
involves subtle and complicated requirements to which d%a have to obey, cf. 
Definition 14. 141 These were obtained solely from finitary analysis of finite proof 
figures for Hjv-reflection, cf. [7]: its generation has not referred to any set- 
theoretic considerations. Despite the lack of meaning it now turns out that our 
wellfoundedness proof of Od{Uj^) in [?] and in Section [SJ which is formalizable 
in KPIIjv, suggests a set-theoretic interpretation. Let us explain this. 

In a wellfoundedness proof for Od{IlN) using the maximal distinguished 
class Wd introduced in [5], the main task is to show the tree {a : a <2 tt} 
to be wellfounded. When we assume the existence of a Ea-class, i.e., Wd as 
a set, then we [T] can show that OdiJlN) is wellfounded. Nevertheless Wd is 
a proper class in KPIIjv. Therefore we have to show for each o.d. ?/ there 
exists a set, say P, in which we can imitate constructions in [T] up to the given 
77. Namely the maximal distinguished class defined on P denoted W^ has to 
enjoy the same closure properties as Wd up to 77. Such a set P is said to be 
rj-Mahlo. Then the existence of ry-Mahlo sets guarantees the wellfoundedness of 
the chain {r : r ^2 v} with respect to ^2- Thus a crux in showing OdiJiN) 
to be wellfounded without assuming the existence of a S2-class Wd is to show 
the existence of 77-Mahlo sets for each 77. We have learnt in [3] that if a set is 
n2-reflecting on 7-Mahlo universes for any 7 -<2 rj, then the set is 77-Mahlo. 

Let L denote a IlAr-refecting universe: (L; g) |= KPIIjv. Transitive sets in 
L U {L} are denoted P,Q, . . ., and L* denotes the set of transitive sets in L. For 
a transitive set P let ord{P) denote the set of ordinals in P. Also let ord{P)~^ 
denote the supremum of Ai-wellfounded relations on P. A class A" C L* U {L} 
is said to be a Hi-class if there exists a set-theoretic If^-formula F such that for 
any P e L* U {L}, P e X ^ P \= F -.^^ {P; &) \= F. By a U^-class we mean a 
Hj-class for some z > 2. A sequence {X^}^^a {^^ C L* U {L}) is said to be a Hj- 
sequence if classes Aj are Hi-classes uniformly, i.e., there exists a set-theoretic 
Hi-formula F(^) such that for any P g L* U {L} and any ^ < min{a, ord{P)~^}, 
P G Aj <^ P 1= P(^). By a llQ-sequence we mean a Hj-sequence for some i > 2. 

A Hi-recursively Mahlo operation is defined through a universal Hi-formula 
Hi (a), cf. [H] as follows 

P G AMX) :^ V5 G P[P h n,(6) ^ 3Q G A- n P(Q h H,(fe))]. 

We consider two kinds of its iterations, both are defined by transfinite re- 
cursion on ordinals 13 (or, in general, along a well founded relation), and their 
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mixture. First an inner iteration is defined from a sequence {X^}^^a'- let 

Second an outer iterartion is defined from a class X: 

mI^{X) := ^ n []{KU{Ml,{X)) -.ukP}. 

For the case X ~l} \J {L} put 

Mf (L) := M^iV U {L}) = ^{M,{M^ {h)) : ^ < /3}. 
Finally their mixture is defined as follows: 

X n f|{M,(M,(AfnA'; {A'J^<„) n A-^) n A-^) : 5 < C < «, ^ < /3}- 

Obviously Mf (L* U {L}; {A'J5<„) = m'1^{{X^}^<^). 

Observe that Mi{X) is a Ili+i-class if <¥ is a IlJ-class. {-Wi'i({'^j}^<Q)}iy<^ 
is a Ili+i-sequence for any IlJ-sequence {X^}^^a, and {M2 j(A') ::/</?} is a 
Hj+i-sequence for any Ili+i-class X. Finally {M^{X\ {X^}e^<a)}v<i3 is a Ili+i- 
sequence for any HQ-sequence {X^}^^a and any Ili+i-class X. 

Therefore for any Ili+i-class X and any Ili+i-sequence {A'^}^<q 

P e Mf (A-; {A'a^<„) n f|{M,(Mf (A-; {X^}^<cd f^ X^) : ^ < a} (3) 

for any 'ordinal' /3 < ord{P)^ . This is seen by induction on j3 using the following 
fact: 

For a nj-class X and a H^-class 3^, 3^ n M,(A:') C M,{y n A") (4) 

In general /3 can be replaced by a Ai-definable well founded relation on each 
P. For example L« G Mi+i(L*) ^ L^ e Af<«^(L) = fli^f (L) : ^ < k+} for 
the next admissible k+ to n. 

Let A" -^i 3^ denote 

X^^y :^ 3^ C M,(A'), i.e., VP e KP e Af,(A')), 
and <Y ^, 3^ :4^ A' = 3^ or <Y <, y. 

For example © is written as A/f (A; {A:'^}^<a) n X(^ ^, M^{X]{X^}^<^a) -<i 
Xnf]{Mi+i{X^) : ^ < a} for jy < ^ and C < a, and © is as 3^0^" -<» ynM,{X). 
Observe that the relation -<i is transitive and wellfounded since the 6-relation 
is wellfounded, and -<i+iC-<j. 

Ila-reflecting universes L are so simple to analyse: L can be resolved or 
approximated by M^(L), cf. [3]. Nevertheless Iljv-reflecting universes L for 
N > 4 involves a complicated ramification process to resolve by using iterations 
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of n2-recursively Mahlo operations M^(L). Such a resolving is needed to define 
?7-Mahloness. In fact the following ramification is inspired from a finer analysis 
of o.d.'s, which has been constructed purely from combinatorial considerations. 
Since the resolving of n^v-reflecting universes L by iterations of n2-recursively 
Mahlo operations is so complicated, we first explain the simplest case. Namely 
Ila-reflection on Ila-reflecting ordinals. 

4.2 Ils-reflection on ITs-reflecting ordinals 

4.2.1 Mahlo classes for il/| 

Let M^ = M3{Ms) denote the class of Ha-reflecting universes on Ha-reflecting 
universes M3. And let L e M^. 

Define Mahlo classes M2(2; ;3), A/2((2, 1); (/3, /3o)) on L* U {L} as follows. Let 
TT := ord(L). 

M2(2;/3) = f|{M2(M2(2;z/)nM3):z.</?} 

M2((2, 1); (/3, /3o)) = Af2(2; /3) n f|{M2(M2((2, 1); (/3, ^))) : i^ < po} 

and let 

r = {Af2(2;/3) nM3,M2((2,l); (/3,/3o)) : /3 < £.+i,/3o < ^}- 

Note that M3 ^ M2(2; 0) n Afg and Af2^(L) = Af2(2, 1); (0, /3)). For A" e T 
define a pair /i(A:') = {hQ{X),h\{X)) by 

/i(M2(2;/3)nAf3) := (/3, vr) and MAf2((2, 1); (/3, /3o)) := (/3,/3o) (5) 

Then h{X) <iex h{y) ^ X -<2 y ior X,y e T- Namely we see the following 
facts as in Section H?T] 

I. < /3o ^ Af2((2, 1); (/3, i^)) <2 Af2((2, 1); (/3,/3o)) (6) 

1/ < ^ =^ A//2 (2; iy) n A//3 -<2 Af2 (2; /3) (7) 

Af2((2,l);(/3,7)) ^2 Af2(2;/3)nM3 (8) 

z. < /? ^ A/2(2; v) n A/3 ^2 Af2((2, 1); (/3, /3o)) (9) 
VA" e riA- ^2 M|] 

4.2.2 Ordinal diagrams Od{Ml) for Af| 

We define the subsystem Od{M^) C Od of ordinal diagrams. 

For p e V^ n Od{Ml), Q{p) is a pair {rg2{p),st2{p)) of o.d.'s. Namely 
Q(p) = (2,rg2(p),cr,si2(/o)). Let a ^2 /? :<^ a -< /3. 

Definition 4.1 Od{Ml). 

The system Od{M^) of o.d.'s is obtained from Od by restricting the construction 

(a,q,a) M> d^a in Definition 12.1131 as follows: first set 7r+ ;= Ett+i := 00 and 

A//3 := {tt} U{aeV^ n Od{Ml) : rg2{a) = n}. 

Assume a e Od{Ml) & cr £ {tt} U P'3 & g = (k, i^) C Od{Ml) such that 
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1. 

a^KeMs (10) 

2. 

a — TT ^ V < a (11) 

and 

V <K+ (12) 

Put p ■- d%a eV^ C Od. For this p define 

pd2ip) = cr, st2{p) = v, rg2{p) = k. 

Then p € Od{M^) if the following conditions arc fulfilled besides ([T]) in Defini- 
tion HIIEl 

Casel p G A/3, i.e., k — rg2{p) = tt: Then 

V?7 e M3|7r[p ^ 77 ^ st2(p) < si2(?7)]- 
Case2 p Afs, i.e., k = rg2{p) < tt: Then 

'>'92{p) = minJK < tt : p -< k G M3} 
i.e., Vr[p -< T -< K => rg2{T) = k] and 

Vt[p ^ r ^ k =» si2(p) < si2(T)]. 

(P.2) 

Vr<r52(p)(ifrsi2(p)<p) (13) 

Now for each o.d. p G T)'^ n Od{M^) we associate a Mahlo class A'(p) G T 
and a pair h{p), cf. ([5]) as follows: 

Casel p G Afa: A^(p) = M2i2; P) D Ah for /3 = si2(p), and /i(p) := h{X{p)) = 

Case2 p ^ M3: A'(p) = Af2((2, 1); (/?,7)) for 7 = st2{p) and /? = st2{rg2{p)). 
a.ndh{p):^h{X{p))^{P,j). 

Then we see 

Lemma 4.2 //(5 ^2 ??, then h{d) <iex h{r]) and hence X{5) -<2 '^{v)- 

Proof. Suppose 77 — pd2{S). 

([U corresponds to the case: rg2{5) = i] E M3 with st2{r]) = /?, st2{S) = 7 < 



^+. 



corresponds to the case: rg2{5) — rg2{vi) < tt with i/ = st2{S) < st2{'q) 



([7]) corresponds to the case: (5, ry G M3 and 1/ = st2('5) < st2{v) — /?• 

Finally consider the case when 5 G -M3 and 77 ^ Afa. Then rg2{ri) — minjcr : 

(5 ^ cr G Afa}. ([5]) corresponds to this case with ly = st2(S) < st2{rg2{ri)) = /3 

{andst2ir])^(3o). □ 

We could prove the wellfoundedness of Od{M^)\n using Lemma 14.21 and 

distinguished classes as in Section HI 
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4.2.3 Wellfoundedness proof for Od{Ml) 
We show the 

Theorem 4.3 For each a < dn£-K+i,i-e., each a £ Od{M§)\i}, [n§,n^]-Fix 
proves that {Od{M^)\a, <) is a well ordering. 

Work in [n§,n^]-Fix. 
Definition 4.4 

a <\ P -.^ a, (3 e V'^ k a -< (3 -< rg2{a). 

Observe that for a, /3 £ T)^ with a ^/3, a</3iffa G M^^ or rg2{a) — rg2{fi). 
Hence a < /3 => h{a) <iex h{(3). Specifically supposing 7 -( a we see: 

1. a ^ M3: Then 7 <l a iff 7 ^ M^krg2{'^) — rg2{a){, and hence /io(7) = 
ho{a))khi{-f) ^ 5*2(7) < st2{a) = /ii(a), cf. ©, or 7 e M^khoi-f) = 
5*2(7) < st2{rg2{a)) = ha(a), cf. ©. 

2. a g M3: Then 7 < a iff 7 e M^kho{'^) = 5*2(7) < st2{a) = ho{a), cf. 
©• 

Moreover if M3 ^ 7 ^ a £ M3, then 7-32(7) ^ « and /io(7) — st2{rg2{j)) < 
st2{a) = ho(a)khi{'j) = 5*2(7) < ti" = /ii(a), cf. ©. 

Definition 4.5 

a e y(X) :^ V7 < a[7 G ^(X) ^ 7 e X]. 

Now let us define an operator r32 on Od{M^) from V{X). 

Definition 4.6 1. a £ T^oiX) iS n > a ^ M3, a £ g{X) D V{X) and 
[a£SR^y-f£ I>„(7 £ g{X) ^ 7 e X)]. 

^. a G r32(X) iff 

a£T3oiX) V [r3o(X) C X ka £ MsItt ka £ g{X) nViX)]. 

Let us examine the complexity of these operators. Both V and T^q are 112, 
and hence r32 is [n§,n^]. 

We write F for F32, |a| for |n|r32. 

We see easily that F = F32 enjoys the hypotheses (F.O), (F.l) and (F.5) in 
Subsection 13.31 Furthermore (F.3) and (F.4) follow from the facts: if a ^ _R' 
or a £ SR, then a £ V^(^) for any X. 

We next show that F enjoys the hypothesis (F.2). 

Theorem 4.7 Assume a,l3 £ W. Then 

a < P ^ X = \a\ < \P\ ^ y. 
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Proof of Theorem K7\ for T = r32. Assurae a, [3 e W and a < [3. Put 
X = \a\,y = |/3|. Wc show x < y by induction on the natural sum x^y. 
Suppose X > y. Put X = T^ ,Y = T^. We show a &Y. As in |5] we see, using 
IH, a e g{X)\l3 = g{Y)\l3ka G V{Y), and we can assume a -< /3 G P'? and 
a ^Y hy IH. There are two cases to consider. 

Csael 3a[a :< cr&cr<l/3]: Then by Lemma [3.161 and a ^Y we have <j G G{Y). 
P G V{Y) yields a < cr G F. 

Case2 Otherwise : We have a f^/3 for any a with a ^ cr ^ /3, and rg2{a) < 
P &ia ^ A/3. We claim M3 9 rf72(a) = /3- Otherwise we would have rg2{a) < /3. 
Thus /3 G Afs, and hence a Gr3o(r) cr. D 

Let V := y(W). 

Lemma 4.8 

aegnv => a eW. 

The following lemma is seen from Lemma 13.111 and (|13p . 

Lemma 4.9 If p e G D V^ and k := rg2(p), i/je^ si2(/3) £ ^(W). 
/n particular, p £ G nV^ M3 =^ 5*2 (p) e C''(W) = W^. 

Lemma 4.10 For p e V^ r\Od{Ml), Q{p) ^ {st2{p),rg2{p)} < maii{b{p),T:}. 

Proof. First off, rg2{p) < tt. It remains to show st2{p) < max{6(p), tt}. By 
(fTTj) and P^ we can assume p G M3&pd2(p) < tt. Let ai denote the diagram 
such that p -< ai G P^. Then ai G M3 and st2{p) < 5^2(^1) < b{cti) < b{p) by 
Lemma 12.41 D 



Lemma 4.11 (cf. DetiniUon \3.21\l\ ) For each n G w 

Va G W^|w„(7r + l)Vg C W^|a;„(7r + l)A(a, g). 
Proof. We have to show for each n G w 

Va G W^|w„(7r + l)VgC W^|a;„(7r + l)A(a,g). 

By main induction on a G 'WT^\uJn{'K + 1) with subsidiary induction on q C 
yV7r|a;„(7r + 1). Here observe that if /3i G 2? with 6(/3i) < LOnii^ + 1), then by 
Lemma [4. 101 we have Q(/3i) < max{6(/3i),7r} < aj„(7r + 1). 

Let ai G X'ctItt with a G Wtt and a — h{ai)k:q — Q{ai). By Theorem 
13.231 we have ai G Q. We show ai G W. By Lemma 14.81 it suffices to show 
ai £ V. By (T G Wyr we have a G F U {tt}. If ct = tt, i.e., pd2(ai) = tt, then 
ai G Af3 & si2(cn) G W^ by Lemma WM and we see ai E V from (? 9 7 < ai => 
yV,r 3 5^2(7) < 5^2 (ai)- Therefore we can assume a E V. If cr ^ rg2{cti), then 
ai <i a € V , and hence ai G W. Assume r(72(Q!i) = a. 

Let ^ 9 7 <] ai. We have to show 7 G W. We can assume rg2{j) ~ a hy 
a eV. Thus 5^2(7) < 5^2 (a). By Lemma IT^ we have 3^2(7), 5*2(0:) e C^CW). 
We have S>^ (.5^2(7)) < b{ai) = a, cf. LemmaSHHH Lemma[3211with MIH(a) 
yields 5*2(7) £ W^. Therefore 7 G W is seen by induction on 5*2(7)- 

We are done. D 

Lemma |4 . 1 1 1 yields Lemma 14.121 ai G Wtt for each ai G Od{AI^) as in |5]. 
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Lemma 4.12 For each ai, ai € W^. 

Consequently Lemma [3.181 yields Theorem 14.3 



4.3 Mahlo classes for IlAr-reflection 

In what follows N denotes a fixed integer iV > 4. Let us resolve a n^r-refleeting 
universe L. Now let Mi{a; (5) {i > 2) denote the following class: 

M,(a;/3) := Mf,({A'J^<„) with the n,+2-class X^ = Mf+i(L). 

Namely 

M,(a; P) = f|{Af,(M,(M,(a; v) D mI,{L)) n M^.iL)) : S < ^ < a,iy < fi} 

Then Mi{a; /3) is again a Ili+i-class and hence from ([3]) 

M,(a; /3) -<, Afr+i(L) (a > 0) & M,(a; /3) D Aff+iCL). 

Moreover let a = (a„ > • • • > ai) (n > 0) denote a decreasing sequence of 
ordinals and (3 = (/3„, . . . ,/3i) a sequence of ordinals of the same length. By 
induction on the length n of the sequences a, (3 we define classes Mi{Q.;(3) as 
follows. Mi((); 0) = L* U {L} for the empty sequence (). Let a * (a) = (a„ > 
■ ■ ■ > ai > a) and /3 * (/3) = (/3„, . . . , /3i, /3) denote the concatenated sequences 
for ordinals a, /3 with a < ai. Then define 

AUa * (a); p * (/3)) = Aff (3^; {A'ae<„) 

with the n,+2-class X^ = M^^^{L) and y = M,(a; /?). 

Then as above we see that Mi{a\ /?) are Ili+i-classes and 

Mr{a *{ayj* (/3)) = A'U{a; ^) n 

f|{M,(M,(M,(a * (a); ^ * (z.)) n Mf+,{L)) n Af^i(L)) : 

<5<C<a,i^</3} (14) 

Thus for any a = {an > ■ ■ ■ > ai), a < ao < ai and any ordinals /3, /3o, we 
see from ([3]) 

A^,(a; ^) n Aff+i(L) ^, Aff+"i(L) (n > 0) (15) 

and 

M,id * (ao); /3 * (/3o)) n Aff+i(L) ^, M,(a; ^) n A^f+"i(L) (16) 

Now let us depict this ramification process as wellfounded trees 7^ (2 < 
i < N). These trees are defined by induction on N ~ i. Each class in T^ is a 
IlAr-class for any i. Pick a Ai-well ordering < on L. Assume its order type is, 
for example, Ett+i for the least ordinal n not in L. For a njy-reflecting universe 
L, the singleton class {L} sits on each root of TJ^. In the tree TJy ~^ its sons 
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are IlAr-classes Af^_^(L) for each 'ordinal' a < e^+i such that M^_j^(L) ~<n-i 
Mjv(L) B L. Further the node M'^_-^(L) has sons M^_^(L) for /3 < a. Each 
node M^_j^(L) can be identified with the ordinal a < Ett+i, and the relation 
-^^-i(L) -<N-i M^_;^(L) on 7^"^ with (3 < a. Note that these are Ai- 
relations on L. 

Suppose a wellfounded tree TJ^^"'^ has been constructed for 2 < i < A^ — 1 so 
that each class in T^^ is a IlAr-class, and if a class A' is a son of a class y, then 
'^ ^i+i y, i-e., the tree ordering is compatible with the relation -<i+i. Classes in 
the tree T^^ are assumed to be ordered by the relation -<i+i. Moreover suppose 
that the tree TJ^^ and the relation -<i+i on T^^ are coded by Ai-relations on 
L {Coding Supposition). Then another wellfounded tree TJ^ is defined as follows. 

For a branch X * (Xi) = (<¥„, ...,X2,Xi) with Xi -<i+i X2 -<i+i • • • -<i+i 
Xn -<i+i L&iXjn e TJ^^^ {n > 1) in the tree TJ^^ and a sequence /3 * (/?i) = 
(/3„, . . . ,/3i) of ordinals, a class Mi(A^;/3) is defined by replacing ^ < a in the 
definition ([Ti]) of M,;(a; /?) by the wellfounded relation -<i+i in T^^: 

M,{X * (A-i); ^ * (/3i)) = M,(;r; ^) n 

p\{M,{M,{M,{X * (A-i); ^ * {v)) n -Yq) n X"") : 

<^ dii+i Xq -<i+i Xi,X , Aq e TJ^ , I' < /3i} (17) 

By the Coding Supposition AIi{X]l3) is a uniform Il.j+i-class, and hence as in 
(flS)) and ([m we see for X -<i+i A'o -<i+i Xi -(,+1 • • • -<i+i <Y„ ^i+i {L} (n > 0) 
in the tree T^^ with A" = {Xn, . . . ,Xi) and a sequence /3 = (/3„, . . . , /3i) of 
ordinals: 

M,{X■J)nXo'<^X^in>0) (18) 

and 

Af,(A^ * (Xo); P * (/3o)) nX <, M,{X; ^) n A-q C A/,(A * (Aq); /3 * (/3o)) (19) 

Each class X in the tree 7^ except {L} is of the form 

X = M,{M,{X■p)r\Xa)f^X'' (20) 

for some branch X^ dii+i Aq -<i+i Xi -<i+i ■ ■ ■ -<i+i Xn -<i+i L (n > 0) in the 
tree T^^^ with X — {X„,. ■ ■ ,Xi) and a sequence J3 — (/3„, . . . , /3i) of ordinals. 
Thus <¥ is a Iljv-class. 

The root L has sons Mi{X) n A" for each son A of L in the tree 7^ , i.e., 
in (Uni) -^ = /3 = and Ab = A" = A": M,{X) n A" -<» L, cf. ©. 

Now the class X G 7^ defined in (l^n| has sons of three kinds. 

A class of the form 

3^ = M,{M,iX; p) n Ao) n y^ with r^+1 9 3^" ^,+1 A-o 

is a first son of the father X. 

y <i X IS seen from dU and the fact that Mi{Mi{X; /?) n Aq) is a Ili+i-class. 
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Second a second son is a class 

Z = Ah{M,{X * (A-o); B * (7)) n Zq) n Zo 

with an ordinal 7 and a class Zq -^,+1 Aq in T^^ ■ 

Z ~<i X is seen from Zq -<i+i Xq and p^ : 
Z = M,{M,{X * (A'o); ^ * (7)) n Zo) n Zo ^. M,(<Y; ^) n X^ <^ X. 

Finally for the case n > a third son is a class 

U = M,{M,{X t fc; /3 t (fc + 1) * (7)) n Uo) n Uo 

for a fc (1 < fc < n), an ordinal 7 < /3fc and a class Uq ^i+i Afc in 7^^ , where 
<Y t fc = (A-,,, . . . , Afc) and ^ t (^ + 1) * (7) = (/^n, • ■ • ,/3fc+l,7)• 
W -<i A" is seen from Uq -<i+i A'^ &7 < /3fc and (IT71) : 

i^ = M,(M,(Atfc;^t(fc + i)*(7))n^o)nWo 

^, M,(A t fc; ^ t (fc + 1) * (/3fc)) 3 M,(A; ^) ^, A. 

Note that we have lA <i Z -<i y -<i X for the sons y, Z, W of X. 

These three kinds of classes are sons of X and this completes a description of 
the tree 7]^. The tree represents a ramification procedure in decomposing a n^v- 
reflecting universe L in terms of iterations of Ili-recursively Mahlo operations. 

The class A" e TJ^ defined in (|20|) can be coded by a code (i; x; /3; xo, a;°), 
where x are codes for A", and xq [a;°] for Aq [for A'°], resp. By the Coding 
Supposition, 'x is a code for a class A in 7^ ' is recursive, and so is the 
relation x <i+i y -.-^ X -<i+i y{X,y £ TJ^^^). Therefore the tree T^ and the 
relation -<i on TJ^ are again coded by Ai-relations on L. 

In this way we get a wellfounded tree Tn = 7n ordered by the relation ^2- 
For 2 < i < A^ — 1 each class X ^ {L} in TJ^ is of the form described in (|20p 
for some branch A'° ^j+i Xq -<i+i Ai -<i+i • ■ • -<i+i X^ -<i+i L (n > 0) in the 
tree T^^ and a sequence (/3„, . . . ,/3i) of ordinals. Therefore we can associate 
its construction tree with depth N — i: X sits on the root and its sons are 
{{Xm, f3m) '■ ^ ^ m < n} and Aq, A", and each son X^, A° has sons and so on. 
Does the construction tree remind you an ordinal structure with addition and 
exponentiation? 

4.4 Mahlo classes of ordinal diagrams 

Now let us turn to o.d.'s in 0(i(njv) and explain what class in Tn corresponds 
to a diagram of the form 77 = d'^a. 

q inr] = d%a includes some data sti{r]),rgi{r]) ioi 2 < i < N. sijv-i('?) is an 
o.d. less than Ett+i and rgpf-i{r]) — tt, while sti{r]),rgi{r/) ior i < N — 1 may 
be undefined. If these are defined, then k — rgi(ri) is an o.d. such that 77 -<i n, 
where -<i is a transitive closure of the relation on o.d.'s {(77, k) : k, = pdi{ri)} 
such that -(i+iC-<j. Therefore the diagram pdi{r]) is a proper subdiagram of 
77. q also determines the diagrams pdi{r]). For any 77 = d'^a and any i we have 
77 ^i n. sti{rf) is an o.d. less than the next admissible k+ to k = rgi(rf). 
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Let Mf = {L} 6 TJ^ for i with 2 < i < N. Now we associate a Iljv-class 
Ml' G TJvf for each such diagram 77 and each i {2 < i < N) so that 

7 ^, 7? < TT ^ Af7 -(, m;' (21) 

in the tree TJJr- Namely the relation -<i on o.d.'s is embedded in the relation -<i 
on the tree TJv- 

The definition of the class M^' £ TJ^ is based on induction on N — i. First 
set M^_^ = Af^_;^(L) e 7^"^ with /3 = stN^iirj). Then dH]) is satisfied since 
stN-iii]) is always defined for diagrams rj of the form d^a < tt, and enjoys 

7 -<N-i V ^ sijv-i(7) < stN-iiv)- 

q determines a sequence {77™ : jtt, < lhi{7j)} of o.d.'s in {/3 < tt : r/ ^ /?} with 
its length lhi{ri) = 7i + 1 > 0. The sequence enjoys the following property: 

V ^^+l V° -^^+l Vl ^»+l • • • -<»+! V" < 7^ (22) 

where :<i denotes the reflexive closure of -<i. 

Moreover sti{ri™), rgi{'q^) have to be defined for < tti < n so that 
fQii^T) ^i+i vT'^^^ ^^"^ these sequences are defined so that if 77 = pdi{'-f), one 
of the following holds, cf. Lemma [4.241 in Subsection [ 



Casel 

77 =M(7) ^pd^+l{-f)klh,i-f) = lh,{r])&,ym < lh,{j)[jr = vT] 
Case2 

7.5,(7) = Pd^h) = 77&7° = 7&V7n < lK{r,) = lh,{j) - Ife™ = 7- +"] 

Cases 

77 == M(7) -<» ''3j(7) & 7j° = 7 & 

37n[0 < 771 < ?/7,(77) - 1 & r9,(77™-i) = r9,(7) & 5^,(77™"!) > 5^,(7) & 

Vfc < lh,{Tj) - 777 + 1 = ?/7,(7)(fc > ^ 77™-'+'= = 7,'')] 

From the sequence {77™} we define a class M^ G TJ^ (2 < i < iV — 1) as 
follows, cf. Definition 16.23131 

M^ = M.,{M.,{X; P) n A-o) n A"" 

for A-^ = Mjfi e ?;(,+' (0 < 77^ < 77), A-o = M/'+i e 7^+\ <Y = (A-i, . . . , A„) 
and o.d.'s /?„ = 5*1(77™"^) (0 < 777 < 77). 

From 77™ < TT, dSI]) for the case i + 1 and (l22|) we have A'° ^i+i Ab -<i+i 

A'l ^^+1 <i+i A„ -<,+i L in the tree r^+^ Thus, cf. d^Hl), Mj* e T;^. We 

verify that (|2ip holds for the case 7. Assume 77 — pdi{'^), and let A ~ M^ and 

V = Af7 = M,(M,(V; 7) n Vo) n v° 
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for V„ = M^J^^ e r^+i (0 < m < lh,{-f)), V" = M7+1 € T^+i and o.d.'s 

7„, = st,(7"-^) (0 < m < Z/ii(7)). We show V ^^ A". 

Casel ?7 = pd,(7) = ^+1(7): Then ;/i,(7) = lh,{Tj) kVm < Z/i.(7)[7,'" = C] 

and 7 -^i+i 77. Hence A'm — Vm & /3 = 7 & V° ^i+i A"". This means V is a first 

son 3; of A" in 7^. Therefore V -<, X. 

Case2 r5i(7) = pd»(7) = 77: Then 7," = 7, Vm < lh^{r]) = lh,{-f) - 1[77™ = 

7,^+"]. By (EH) we have 7 = 7° ^,+1 j} = 77° and hence V = X * (Vq) Szj = 

;8 * (71) & V° = Vo ^i+i Aq. This means that V is a second son Z oi X in T^. 

Therefore V ^i X. 

Cases 77 = M(7) ^i rgi{j): Then we have 7° = 7, rg^{rii'^^^) = rg^ij) and 

s*.(C"') > st.(7) & Vfc < lh,{7^) -m + l = lh,{-f){k > ^ 77™-!+'= = 7f ) for 

some 777 with < 7ti < lhi{r]) — 1 = rt. In particular 7 = 7*' ^i+i 7^^ = 77™. 

Hence V = X t mk^ ^ P ^ {m + 1) * (7™)& V° = Vq -<i+i Vi = A",,,. This 

means V is a third son U oi X in T^. Therefore V -<i A". 

This completes a proof of ((2T|) , cf. Lemma 16.261 Our proof is based on the 
fact that the ramification procedure that produces three sons y, Z and U from 
X imitates the decomposition procedure of the relation 77 = pdi{'j) in terms of 
sequences {7™} and {?7™}, and the relation -<i+i between them, cf. Subsection 



In particular if 7 -<2 ?7, then M^ ^2 M2, i.e., every P e Mj is H2-reflecting 
on the class M^ ■ This means that every P € M^ is 77-Mahlo. 

Next we show the existence of an 77-Mahlo set. Corresponding to the con- 
struction tree of the class Af = AI2 G Tn we can associate a tree {77(5) : s G 
Tree{ri)} of o.d.'s in {/3 < tt : 77 ^ /3} with its depth N — 2. First for the empty 
sequence () 77(0) = 77. For each nonlcaf s E Tree{rj) let {sm : —\ < m < n] 
be sons of s in Tree(r]) with n = lhi{ri{s)) — 1 > and s„i = s * (m). Then 
77(5-1) = ri{s),ri{sm) = (^(5))™ for < 771 < 7i, where TV — 1 > i = dp{s) + 2 
with the depth dp[s) of s, e.g., dp{{)) — 0. s is a leaf if dp{s) — N — 3. 

For each s G Tree{ri) we associate a HAr-class X{s\ rf) G TJ^ with i = dp{s) + 2 
as follows. For a leaf s put A'(s;77) — M^"^^^''^''^'(L) e T^~^- Suppose s is 
a nonleaf node and let {s„j : —1 < tti < 77} be sons of s. Then put X{s; 77) = 
Mf'^ G 7l with 7 = dp(s) -f 2. Thus X{{);7j) = Mj''. 

Now we show 

VsGTree(77)[LG ^(s;?/)] (23) 

by tree induction on s G Tree{r]) as follows. 

For a leaf s we have 7/(s) < n, and hence L G X{s;r]) = M^"-,^ (L) G 

TJy ~^ by induction on o.d.'s sijv-i(77(s)) < Ett-i-i. 

Suppose s is a nonleaf node with i = dp{s) + 2 < N — 1 and let {sm : — 1 < 
771 < 77} be sons of s. Then 

X{s; 77) = Mf'^ = M,{M,{X- P) n ^-(50; 77)) n ^(s-i; 77) 

for X = (A(si; 77), . . . , X{sn; v)) and o.d.'s /3„. = si,;((77(s))r-i) (0 < 7n < 77). 

By IH(=Induction Hypothesis) we have L G f]{X{sm',il) : — 1 < 771 < n}. 
If 77 = 0, then A:'(s;77) = Mi{X {sq; ?])) Ci X{s^i;r]). Since A:'(sm;77) are Hn- 
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classes, a IlTv-reflecting universe L reflects these classes, i.e., L G X{s; 77) by IH. 
Next assume n > 0. Then by IH we have L £ X{sn',il) ^ '^{s-i',il)- Hence 
(fTS|) yields L e ^"(5; 77). This completes a proof of (1^ . In particular we have 
L G A:'(();77) = Mg. Once again by reflecting the Hjv-class Mg we conclude 
L G M2(M;^). Consequently M2 fl L ^ 0. This shows the existence of a set in 
M2'', cf. Theorem [lini 

Let us examine the above proofs of (|21l) and (|23)) . First these are based 
on the fact ry™ < w for any m < lhi{r]) and any i with 2 < i < A^ — 1. Our 
proof of (PT|) is based on the fact that the second sons Z inT}^ {2 <i < N — 1) 
is less than its father X with respect to ^i: Z -<i X. The fact is based on 
(dni), i.e., on ([T5|) . On the other side our proof of ([25)1 is also based on the 
fact ([H]), i.e., on ([15]). These two facts JT5]) and ([HI) follow from ([3]), which in 
turn, is shown by induction on ordinals j3, i.e., by induction on ordinal diagrams 
/3„ = sti((?7(s))™~^) (0 < TO < n, 2 < i < A^ - 1). Therefore we have to restrict 
o.d.'s to ones in wellfounded parts with respect to o.d.'s sti{rii) {2 < i < N — 1) 
in advance, cf. Deflnition 16.21121 of V*{X). Otherwise we would be in a circle, 
for the aim of (|^T|) and (|23p is to show that the system 0(1(11^) of o.d.'s is 
wellfounded. 

Furthermore our proof of (|23p for leaves s is based on induction on o.d.'s 
stN-i{r]{s)) < s-TT+i- When we restirct o.d.'s to a suitable subclass, then we can 
show transflnite induction up to each a < e,r+i, cf. Lemma r3.20l5l in Subsection 
13.21 In this way we can show (|25|) for each 77 in the subclass. 

Note, here, that r]{s) < tt. If we would have r]{s) = -k and put, e.g., X{s] r/) = 
M^_^ ~ M^^l{L), then we would need to invoke induction up to 6-^+1 + 1 in 
showing (|23l) for leaves s. If we would put M^_^ = {L}, then, again, we would 
need to invoke induction up to Ett+i + 1 in showing (|2T1) for the case N — 1. 
Therefore 77(5) < tt is desired, cf. (I^5|) in Definition 14 . 1 41 in Section H3] 

This ends a set-theoretic explanation of o.d.'s. 

4.5 The system Od(nN) 

In this subsection we define the subsystem 0(1(11^) C Od of ordinal diagrams. 

For p e V'^ r\Od(nN), we define o.d.'s rgi{p), sti{p),pdi{p) and a pair ini{p) 
of o.d.'s for 2 < i < A^ and a set In{a) C {i : 2 < i < N}. sti{p) and rgi{p) 
may be undefined. In this case we denote sti{p) f and rgi{p) 'f. Otherwise we 
denote sti{p)-l and rgi{p)-l. 

Using pdi{p) we define a relation a ^i j3 and its refiexive closure a :<i /? as 
follows. 

Definition 4.13 a <i (3 denotes the transitive closure of the relation {(a,/3) : 
pdi{a) — /3}, and a <i j3 its refiexive closure. 

Definition 4.14 Od(HAr) The system Orf(Hjv) of o.d.'s is obtained from Od 
by restricting the construction [a^q^a) 1— > d^a in Deflnition 12 . 1 131 as follows: 

Assume a G Od{IlM) & cr G {tt} 02?*^ & g = Ji^tu, where q = jnrv denotes a 
sequence of quadruples jmi^mTmVm Q Orf(Hjv) of length ^ + 1 (0 < / < N—1—jq) 
such that 
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1- 2<jo<ji<---<ji=N-l, 

2. K; = 7r& cr ^ Km (m < ^). 

3. VI e OdiUN), 

a = TT ^ vi < a (24) 

cf. Lemma [4. 191 
and 

m < I ^ Vm < K^j (25) 

4-. To = (7, T,n G {tt} U I?'3, a :< T„i {m < I) and 

Tj = TT => (T = TT (26) 

Cf. Lemmata gUS] and null 
Put p := d^a eVQ C Od. For this p define 

1. inj{p) — stj{p)rgj{p) (a pair) and pdj{p): Given j with 2 < j < N, put 
TO = min{TO < I : j < jm}- 

(a) pdj {p) = T„i ■ 

(b) 3m <l{j ^ jrn): Then stj{p) = v,n, rgj{p) = k„. 

(c) Otherwise: inj{p) = inj{pdj{p)) = inj{T„i). If inj{Tm) = 0, then set 
stj(p)t,r5j(p)t- 

2. In{p) = {j„ ■.m<l}. 

Then p e Od(njv) if the following conditions are fulfilled besides ((T|) in Defini- 
tion Hm 

(X'.l) Assume i G In{p). Put k = rgi(p). Then 

(X).ll) ini{rgi{p)) = ini{pdi+i{p)), rgi{p) <i pdt+i{p) andpd,(p) ^ pdi+i{p) if 
i < 7V-1. 

Also prfi(p) ^j 7-5i(p) for any i. 
Cf. Lemma OMl 

(D.12) One of the following holds: 

(I?. 12.1) rgi{p) — pdi{p) Sz B^K{sti{p)) < b{ai) with p ^ ai G V^. Cf. Lemma 
KTEm 

(15.12.2) r5,(p) = rg,{pddfi))kstdfi) < sU{pddfi)). 

(P. 12.3) rgi{pdi{p)) <i Kk\/T(rgi{pdi(p)) <i t <i n -^ rg^r) ^^ k) k sti{p) < 
sti{ai) with 

CTi = minjcTi : rgi{ai) = Kkpdi(p) ^i Gi <i k} 

and such a tJi exists. 
Cf. Lemma OHEl 
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(P.2) 

V«; < rg,{p)(K,sU{p) < p) (27) 

for i G In{p). 

Also note that a ^2 /? '^ a -< /3 for a, /3 S V^ . 

In this subsection X, y, . . . ranges over subsets of Od{liM)- Ordinal diagrams 
in Od(nAr) are denoted a, /3, 7, . . ., while ct, r, . . . denote o.d.'s in the set {R fl 
Od(nAr)) U {00}. 

Lemma 4.15 For a, (3 £ Od{nN) n V^ 

a ^N-i 13 => stN-iia) < stN-iiP) 

Proof. This follows from the condition (23.12.2). Note that for any a G V'^ , 
N - 1 e In{a)krgN-i{a) = t:. □ 

We establish elementary facts on the relations -<i. 

Lemma 4.16 1. The finite set {t : a ~<i r} is linearly ordered by -<i. 

2. p<ipdi+i{p), i.e., ^i+iC-<j. Also for i < j, p <ipdj{p), i.e., ^jC^i. 

3. [i,j)r\In{p) = 0&i <j^p ^j pd,{p)^pd.j{p). 

4. ini{p) = ini{pdi{p)) <^ i ^ In{p). 

5. For each rj G T>'^ and i G [2, A'^— 1], inax{ry7r < t^ ■ V d:i Vtt} is the diagram 
rJTj such that r] ^ rj^^ (^ D^j. Therefore a ^ (3 £ T)^^ ^ a ^i (3 for any 

i€ [2,iV-l]. 

6. Given 7, k so that 3a{"f :<i a&irgi{a) ~ k), put 

a ~ max{(T : 7 ^^ ct & rgi (a) — k} . Then i G In{a) Sz k = pdi (cr) . 

Proof. 

14.16121 This follows from the condition (23.11), pdi{p) <i pdi+i{p). 
14.16141 By the definition we have the direction [<^]. For [=^] assume i G In{p). 
Then by the condition (23.12) we have ini{p) ^ ini(pdi{p)). 
14.16151 This is seen from the condition (^5)) and pdi{p) <i pdi+i{p). 
14.16161 By the maximality of a we have i G In{a). In the condition (23.12), 
the latter two subcases (23.12.2), r — rgi{a) — rgi{pdi{a)) and 
(23.12.3), 3ai{rgi{ai) = Tk:,pdi{a) -<i ui) are not the cases again by the maxi- 
mality of (T. Hence the first subcase (23.12.1), t = pdi{a) must occur. D 

Definition 4.17 Cf. LemmaHmSl) 

For each 77 G T>^ , rjT, denotes the diagram rJT^ such that ij ^ rj^^ E 23^. 

Lemma 4.18 Assume k ~ rgi{p)l. 

1. p<i rgi{p). 

2. Sti{p) < K+. 
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3. p ^i T Szrgi{T)-l^ nSki £ In{p) => sti{p) < sti^r). 

4. pdi{p) ^n ^ pe Vj.klnip) = {A^-1}. Therefore i < N-1 ^ rgi{p) < 
pdi+i{p) < IT. 

5. For a j > i, if i £ In{p) and rgj{p)]^, then rgi{p) <i rgj{p). 

6. sti{p) < max{&(Q:i),7r} &S>K(stj(p)) < b{ai) with p ^ ai G P^. In fact 
we have i < N ~ 1 ^ sti{p) < -k and stN^i{p) < 6(ai). 

7. p <t a -<j rkin^ip) = in^ir) => ini{p) ^ ini{a). 

8. N - I > i e In{p)krgi{p) ^j 5 <i pdi+i{p) => i ^ In{5). Therefore 
rgi{p) dit+i pdt+i{p) . 

9. p<iT < rg,{p) ^ rg,{T) ^,, rg^{p). 

Proof by induction on £p. 

14.18111 If i e In{p), then p -<i pdi{p) :<i rgi{p) by the condition (2?. 11). 

Otherwise pdi{p) -<i rgi{pdi{p)) = rgi{p) by IH. 

14.18121 This fohows from the condition (P5|) in Definition 14.141 and the convention 

7r+ = 00 for TT = rgN-i{p). 

14.18131 By Lemma [4.18111 we have p <i t ^i rgi{T) = k ^ rgi{p). Thus by the 

condition (2?. 12) one of the fohowing cases occur: 

(P.12.2) rg,{p) = rg,{pd,{p)) kpd,{p) ^, r: Then by IH st,{p) < st,{pd,{p)) < 
stiir), 



(2?. 12.3) rgi{pdi{p)) -<i k: Then rgi{pdi{p)) ^ n = rgi^r) and hence pdi{p) -<i 
r. Put (Ti — min{(Ti : rgi{ai) — KSzpdi{p) -<i ci -<i k}. Then cti <i r. 
Therefore by IH sti{p) < sti{ai) < sti{T). 

14.18181 This is seen from Lemmata OUT] and mUH 

14.18141 This is seen from the conditions dH]) and (X».ll). 

14.18151 This is seen from the definition (2?. 11) and Lemma [4. 16121 

14.18161 By K — rgi{p) -I we have 3a{p <i aSzi £ l7i{a)k.rgi{a) = k). Let a 

denote the maximal a such that p <i ah.i G In{a) &Lrgi{a) — n. Then by 

Lemma 14.16161 k = pdi {a) — rgi (cr) . Hence by Lemmata 14.18131 and 14.18121 we 

have sti{p) < sti{a) < k+. If i < iV — 1, then k = rgi{a) < tt by Lemma 

14.18141 Otherwise n — rgi{a) = tt Sza — ai G T>t^ by Lemma [4.16161 Hence 

by the condition (|24l) in Definition 14.141 we have sti{a) < b{ai). Therefore 

sti{p) < max{&(ai),7r}. 

It remains to show ByK{sti{p)) < b{ai). Lemma [2.31 with 
sti{p) < sti{a) < K+ yields Vr > K[BT{sti{p)) < Br(sii(o'))], and hence 
B>K,{sti{p)) < B>K,{sti{a)). On the other hand we have ByK.{sti{a)) < b{ai) by 
the condition (2?. 12.1) in Definition 14.141 Consequently ByK.{sti{p)) < b{ai). 
14.18171 This follows from Lemma SUHE] and IH. 
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14.18191 First note that if p ^^ r < rgi{p), then t -<i rgi{p) by Lemmata 14. 18111 
and 14.16111 

By IH and the condition (2?. 12) we can assume i G I'n{p) and the case 
{V. 12. 3), rgi{pdi{p)) ^i Koccurs. Thus also assume pd^ (p) -<i t. lirgi{pdi{p)) :<i 
T -<i K, then the condition (P. 12.3) yields rgi[T) ^^ n. So assume pdi{p) -<i 
T ^i rgi{pdi{p)). Then by IH we have rgi{T) ^i rgi{pdi{p)) <i k. □ 

Lemma 4.19 For peVD Od(nN), Q{p) < max{fe(p), vr}. 

Proof. By Definition l4.14l and (p5|) we have In{p)\j{pdi{p),rgi{p) : i e In{p)}U 
{sti{p) : i e In{p)hi < TV — 1} < tt. On the other hand we have stN^i{p) < 
b{ai) < b{p) by Lemmata 14. 18161 and 12.41 for the diagram ai with p r< ai G V^^. 

D 

4.6 A finer analysis of the relations -<j 

In this subsection we give a finer analysis of the relation a -<i /?. This is needed 
in Sections [5] and [6] 

First for each rj e V^ and each i e [2, N - 1) = {i e lj : 2 < i < N - 1} 
define a length lhi{r]) and a sequence {77" : n < lhi{rf)} C {6 < it : rj ^ 5} oi 
subdiagrams of 77. The sequence decomposes the sequence {(5 < tt : 77 dn+i <5}- 

Definition 4.20 Length lhi{ri) and a sequence {rj^ : n < lhi{ri)} of subdiagrams 

ofT]eVQ 

Case moll- ^3(5(r; ^, (5&i e In{6)): Then put lhi{r]) = 1 and 77° := 77^, 

cf. Definition 14.171 Namely 77,^ denotes the maximal diagram such that 77 r^i+l 

V? < TT^ 

Case [4T20I 2. 3(5(77 ^i <5&i G In{S)): Then 77^ is defined to be the minimal 
diagram such that rj <iijf hi € 177(77°). 

Suppose that vj^ is defined so that i G 177(77"). 
Subcase 1112012.1. 3-f{rg,{ri2) ^i 7&i e 177(7)): Then 77^+^ is defined to be 
the minimal diagram such that rgi{rii^) <i rj^'^^ &7 S In{r]^~^^). 
Subcase l4T20l 2.2. Otherwise: Then lh,{r]) = n + 2 and define 77^+^ to be 
the maximal diagram such that 77" dn+i v"^^ < '"'i i-6-, the diagram such that 



Lemma 4.21 



VA; < lh,{7^) - 71 = lh,{j) - 771(77^+'= = 7f +'=} 



^ff^l??.") = rg.i^D ^ Vfc < Z/i,(7;) - 71 = Z/i,(7) - 77i{fc > ^ 77,"+'= = 7,"+'=}. 

Proof. The first assertion is clear. Assume rgi[rj^) = rgi{'-f^). Then 77"^^ = 
7^"'*'^, and hence the second assertion follows from the first one. D 

Lemma 4.22 For i < N — I, 

V<5N,(77n ^, S ^, pd,+i(77n ^ 7 /7i(<5)] &77 ^,+1 t/O&Vti < Ih^ir^yiW^ ^,+1 77^+'] 
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Proof. First we show rj ^i+i 77°. By the definition and Lemma [4.16151 we can 
assume that 77^ is the minimal diagram such that 77 r<i 77° & i G In{rfl), i.e, Case 
14.201 2. Then i ^ In{5) for any 5 with rj ^i S ^i 77°, and hence the assertion 
follows from Lemma [4. 16131 

Next we show \/5[rgi{ri^) <i 6 ~<i pdi+i{r]^) => i ^ In{S)]. By the condition 
p.ll), m,(r5,(r7r)) = m,(pd,+i(r77)) &r5,(r;f ) ^,^+1(77,"), Lemma OHH] we 
have 

V<5N,(77n ^, 5 ^, pd,+i(77r) ^ z /7i(<5)]. 

Finally we show r;" ^i+i 77"^^^. We can assume, by Lemma |4. 16151 that 
77"^^ is the minimal diagram such that rgi{ri^) :<i 77""^^ &i e In{ri"^^), i.e., 
Subcase 14.201 2.1. We have by the definition that 77"^^ is the diagram such 
that 7-5-,(77f ) r<. 77^+1 and 

V<5[r5,(7;7) ^, S <, 77f+i => i ^ Inid)]&ci e 171(77^+1). 

Therefore ^+1(77,") ^^ 77^+^ and y5[pd^+i{r]f) ^, ,5 ^, 7^^+^ => i ^ In{6)]. 
Hence 77," ^,+1 M+i (77?) ^,+1 77^+1 . D 

Lemma 4.23 

1 <iri ^i K^ r5i(7)4.^ 3777 < /ft.i(77) - 1[k == »^5j('7j™)]- 

Proof by induction on l-q. Put 

a ~ max{(T : 7 ^i cr ^^ K&^:rgi(a) = k,}. 

Then by Lemma 14.16161 we have i G In{a)&z.K = pdi{a). Hence 77 ^^ a. If 
r] = a, then k = rgi(rfl) with 77^ = 77. Assume rj -<i a. If i ^ Inirf), then 
we have 7 ^j pdi{r]) <i a -<i k. IH with {pdi{r]))™- — 77™ yields the assertion. 
Suppose i G In{r]). By Lemma [4.18191 we have rgiirf) <i k. If rgiirf) = k, then 
we are done by 77° — 77. Suppose rgi{ri) -<i k. Then we have 77^^ :<i a by the 
definition, and hence 7 -<i 77?^ ^i k. IH with 77™ = {'ri})™'~^ yields the assertion. 

D 

Lemma 4.24 Assume rj — pdi{'y) for an i < N — 1. Then one of the following 

holds, cf. Subsection \4.4\ 

Case 14.241 1 77 = prf^+i (7) & 7° = 77° . Hence 

V = Pd^{l) - pd,+i{j)klh,{j) = lh,{ij)kym < ih,{j)[^r = vT] 
Case l4.24l 2 rg,j(7) = pdi{j) = -qk^^ = ^ k^} — r]f. Hence 

rg^il) = Pddl) = 7y&7° = 1 kWm < Ih^ = Ih^ij) - Ife™ = 7- +"] 

Case [4^2413 77 = pdi{'y) <i rg^{'y)kjf = 7 arirf rg,(77,'") = rg^{-f) k sUi-qY") > 
sti{'-f) for an m < lhi{ri) — 1. Hence 

V = M (7)^1 rgi (7) & 7° = 7 & 

377i[0 < 7n < lh,{r^) -Ikrg.ir^r^^) = rg,{-f) k sUir^^'^) > sU{j) k 
Vk < lh,{ij) - 777 + 1 = lh,{^)ik > ^ VT'^^'' = 7^'')] 
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Proof. Assume rj = pdi{'y) ioi an i < N — 1. 

First consider the case i ^ In{'y). Then by the definition 77 — pdi+i (7) & 7^? = 
77° holds. Hence by Lemma 14.211 Case 14.241 1 holds. 

In what follws suppose i G In{'j). Then 7° = 7 and rj = pdi{-j) :<i rgi{'y) by 
Lemma |4.18I1[ i.e., by the condition (2?. 11). Second consider the case rgi{'-f) = 
pdiij) = T]. Then by the definition we have jj — 77°. Therefore by Lemma [4.211 
Case[4l2ll2 holds. 

Finally consider the case 77 = pdi{'y) -<i rgi('-f). Then by Lemma 14.231 we 
have rgi{r]Y^) = rgi{'^) k, sti{vi^) > sii(7) for an m < lhi[vi) — 1. Consequently 
by Lemma lim Case 147241 3 holds. U 

Definition 4.25 1. For 2 < i < TV - 1 define 

a Oj /3 :<^ a, /3 e P*^ & i e In{a) k,a <i fi <i rgi{a). 

2. YoT 2<i<N ~1 define 

a <* /3 :<t4> a, /3 e 2?'5 & i e In{a)krgi{a) <i P ^i pdi+i{a). 

The following lemma is seen from Lemma 14.241 

Lemma 4.26 Assume ^ ~<i rj for an i < N — 1. Then one of the following 
holds 

Case [47261 1 7^ = 77° & 7 -<»+i V- 

Case [47212 3n e (0, //i,(7))[7,p = 77,"], and i^-^ <' ^. 

Case [mis 3n e [0, //i,(7) - l)3m e [0, ?/z,(77) - l)[7,r <, 77 ^^ C&^ft(7r) = 
'r9i{nT)\^ andj^ <1, 77. 

Lemma 4.27 ae2?7r&«<^-l=>7 f^ia. 

Proof. This follows from Lemma 14.18141 D 

4.7 Decomposing ordinal diagrams 

In this subsection we introduce decompositions a{s) of ordinal diagrams a, 
where s denotes a function in [*''^)2 (2 < i < fc < A^ — 3). In the next section [5] 
we define a suitable n^_-^-operator F^v through the decompositions. 

Definition 4.28 For an o.d.'s 77 e V'^ , i < N — 1 define as follows: 
1. 



J rgi{r]), if i £ 771(77) 
Ppa^[v)-<. p^^(^)^ ifi^/n(77) 
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2. 

7 ^f a :<^ 7 ^i ak^3n < lhi{'y)[^l^ <ii a] 

and 7 ^f a denotes the reflexive closure of the relation 7 ^^ a. 

Lemma 4.29 1. 7 -<^ a is the transitive closure of the relation {(a, /3) : /3 = 
ppdi(a)}, and hence -<^ is transitive and -<i+iC^^C^j. 

2. a<^l3=^ 37[a ^f 7& (pM(7) = /3 V 7 <, /3)]. 

3. a^f /3^a^,+i/30. 

Proof. 

14.29111 This is seen from Lemmata gJl g^ and |418ilJ 

14.29121 This is seen from Lemma ILMT] 

14.29131 By induction on (.a and a ^i+i a^ we can assume that /3 = ppdi{a). 

li i ^ In{a), then /3 = pdi{a) = pdi+i(a), and hence a -<i+i /3 ^i+i /3°. 

Suppose i £ In(a) and /3 = rgi{a). Then a = a^ & /^^ = aj. Hence Lemma 
Smyields a ^,+1 P^. D 

Definition 4.30 For a G 2?'^ let siAr_i(a) denote the pair 

stN-i{a) := {stN-i{a%^2)^ stN~i{a)) 

Lemma 4.31 For any a £ V^ and a ^ aj^ & V^^, stAr-i(a) < stN-i{a%_2) < 
6(a^). 

Proof. By Lemma 14.221 we have a d:N-i Q^Ar_2- Hence Lemma 14.151 vields 
st]y^i{a) < stN-i{a%_2)- st]y^i{a%_2) < &(a^) is seen from l4.18l6l □ 

Lemma 4.32 7 -<^_2 " =^ 'stN-i{'-f) <iex TtN-iia). 

Proof. Assume 7 -<^_2 ct- Then by Lemma [4.261 one of the following holds: 
Case [4 ^1 75^_2 = "w-2'^7 -<iv-i ": Then stN^i{j%_2) ^j^tN-i{a%_2). 
Lemma [4.151 vields si7v-i(7) < stpf_i{a). Hence stN-i{j) <iex stN-i{a). 
Case 14.261 2 3n € {0,lhN-2i'y))[lN-2 = '^n-2\' By n > we have 7^_2 ^jv-i 
7]v-2 by L emma [L22l and hence sijv-i(7^2) < stN-i{jN-2) = stN-i{a%_2) 
by Lemma [4. 151 Therefore stN-ii'y) <iex stN-iict)- 

CaseHMS 3n G [0, Z/iAr-2(7) - l)3m e [0,Z/iAr-2(a) - 1)[7]^_2 ^n-2 a ^n~2 
a^_2&''5A'-2(7Ar^2) = r9JV-2 (a^_2)] • Then 7]^_2 Oa^-s a. Hence this is not 
the case. □ 

Definition 4.33 / := /^ := U{[*'''')2 :2<i<fc<A^-3} denotes the set of 
functions from the set [i, k) — {j £ to : i < j < k} to 2 = {0, 1}. 
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1. For s e [*''=)2 let 

d{s) := i 
e{s) := k 
#,s := #{.? e [z, fc) : s(i) = 1} 

Note that there are {N — 4) empty funetions in /. Each element in / is, 
by definition, a triple of a function s and d{s),£{s). An empty function 
is, then, a triple (0, i,i) (2 < i < N - 3). 

If ^s = 0, then s is said to be null. 

2. For s <E I, s\i denotes the function in / such that d{s\i) = d{s), £{s\i) = 
mm{max{i, d{s)) , i{s)} and {s\i){j) :~ s{j) for d{s\i) < j < i{s\i). 

3. For s,t ^ I, s <iex t denotes the lexicographic ordering induced by < 1: 

s <iex t:^3ie [d{s),e{s))r][d{t),e{t)){s\i ^t\iks{i) = 0< 1 ^t{i)}. 
Note that s <iex t =^ d{s) ~ d{t). 

4- For s,t £ I with £{s) = d{t), u = s*t denotes the concatenated sequence. 
Namely d{u) = d{s),e{u) = £{t) and u{i) = s{i) for i e [d{s),i{s)), 
u{i) =t{i) for i e [d{t),e{t)). 

5. s G / is said to be unitary if 

V* e [d{s),e{s)){s{i) = l^t^ e{s) - l}&Vj e [d{s),£{s) - l){s{j) = 0}. 

6. Each s G / is decomposed uniquely to the concatenated sequence of longest 
unitary components Si, s = so * • • • * s^ (fc > 0) such that {d{s)} U {i + 1 G 
{d{s),£{s)] : s{i) = 1} U {^(.s)} = {£^i < £q < ■ ■ ■ < £k} {k > 0) and each 
Si e [^»-i'^»)2 is a subseries of s. 

s = So * • • • * Sfc is said to be the unitary decomposition of s. 

7. li d{s) = 2, then s is said to be initial. 

7(2) := {s E I : d{s) = 2} denotes the set of initial sequences in /. 

8. I{2,N -2) := {.se /: d{s) ^2k£{s) ^N -2}. 

9. t C-g s [t Ce s] designates that t is an [a proper] initial segment of s , i.e., 
3i < £{s){t = s\i} [3i < £{s){t = s\i}], resp. 

10. For s,t E I with d{s) = d{t), s D t denotes a sequence in / defined as 
follows: 

(s n t){i) = j :<=> Vfc < i[s{k) = t{k)] k s{i) = t{i) = j. 

d{s n t) = d{s) and £{s f\t) ^ min({i : s{i) ^ t{i)} U {£{s), £{t)]). 
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Definition 4.34 Let a G V'^ . We define ordinal diagrams a{s) {s £ I) as 
follows: 

1. First define a(s) for unitary s by induction on £a as follows: 

(a) a{s) := a if s is null. 

(b) Otherwise s{i{s) - 1) = l&Vi £ [d{s),i{s) - l){s{i) = 0}. 
Case 1 If 

V* e [d{s),e{s) - l)K%)„i < aO&rg,(,)_i(a) < a^} (28) 

then put 

a{s) := mm{6 : a°^^^_^ ^^^^^ S < a'{s)}, 

where 

a' = min({a? : ^ G [d(s), £(s) - 1)} U {a}^,^^,}). 

Case 2 Otherwise: Then put, cf. Definition 14.171 

2. a{s) is defined through the unitary decomposition s — sq * si * ■ • ■ * Sk as 
follows 

a{s) := (•••(a(so))(si)---)(sfc)- 

Definition 4.35 Let a, P e V^ . 

1. Let 2 <k < N -3. Define s[fc;a,/3] G ['=.^-312 recursively. Suppose that 
s = {s[k; a, P])\i has been defined for an i with fc < i < A^ — 3. Then 
s[fc;a,/3](i) G {0, 1} is defined as follows: 

t C s[a,/3] :^ViG [d(t), £(t)){t(i) = s[d(i); a, /3](i)}. 

Lemma 4.36 1. a{s\i) = /3(s|i) ^ a{s) = /3(s). 

^. Let s be unitary with s{i{s) — 1) = 1. Assume a -<d(s) P o*^*^ ^^ G 
[d(s),^(s))[aO > /3]. T/ie« a{s) = I3{s). 

3. Let s be unitary with s(£{s) — 1) = 1. Then a die(s) '^'e(s)~i —^(s) o^i^)- 
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4- Let a -< (5 ^ 7. For an initial t, assume t %,, s[2;a, (5], t C^ s[2;a,7] and 

Then t{i) — 1 for i ~ rain{i : t{i) ^ s[2; a, (5](i)}, and hence 

s[2;q:,(5] <iex t- 

5. u^s*tki{s) e In{a{s))krgfi^^-f{a{u))l^ rgei^,){a{s)) ^ rg^(„)(a(M)). 

Proof. 

14.36111 Let s = {s\i) * t. If i is null, then a{s) = a{s\i) = /3(s|z) = /3(s). 
Otherwise let s = so * • • • * s^ be the unitary decomposition of s, and Sj ^ s' *t' 
with s|i = So*- • -^Sj-i^s' and t = i'*Sj+i*- • -^Sfc. Then a{s\i) = a{so*- ■ -^Sj^i) 
and similarly for (3{s\i). By Definition 14.34111 we have a(so * ■ ■ ■ * Sj) — (3{so * 
• ■ • * Sj), and we see inductively a{s) = f3{s). 

14.36121 We have Vi G [d(s),^(s))[a -<» /3] by Lemma HUEl Also we have 
Vi e [d(s),^(s))[aO = 13° and a](^)„i = ^«\^)_r By Definition HJlI] we have 

a{s)= (3{s)- 

14.36131 This is seen from Lemmata iHISl |4T814| and i^ 
14.36141 Suppose t{i) — 0. Then s[2; a, S]{i) — 1. By the minimality of i we have 
(s[2; a, j])\i = t\i = (s[2; a, 6])\i, and hence a(t|i) :<{ 77 -<i (5(i|i) for an r/ by the 
definition (|29|) . On the other hand we have (5(t|i) ^i 7(i|i) by 6 ^t\{i{t)-i) 7- 
Therefore t{i) — s[2;a,j]{i) = 1. A contradiction. 

14.36151 If a{u) = a(s), then the assertion follows from the assumption £{s) G 
In{a{s)) and Lemma [4. 18151 

Suppose a{u) > a{s). Then t is not null. Let ti be the longest unitary 
subseries of t such that for some tQ,t2, i = to * ^1 * ^2, a{s) — a{s * to) and 
a{s) < a{s * io * ti)- 

a{s * to * ti) is defined by the Case 1 in Definition 14.341 Otherwise we 
would have a{u) = a{s * io * ti) = ciir, and rgi(u){o;{u)) t- Therefore we have 
a{s) = a{s * to) -<i{ti) Oi{s * to * ii) with £{s) < i{ti). Hence rg£(s)(a(s)) ^ 
a{s*tQ*ti) ^a{u) ^rgi(u){aiu)). D 

Definition 4.37 Let a £ D^ and s el. 
1. 

a'<,l3:^sC s[a,/3] & Vi C^ s[ait) ^^ ^^ ;3(i)]. 

^. 

a^; ^:^sC s[a,/3]&Vt Ce.s[#i<#(M*.s) =» a(i) -^^^^^ ^(i)]. 



a <l5 /3 :<t^ s C s[a, /3] & (f (s) > d{s) ^ a ^^|(^(s)_i) /3) & a(s) <l^(^) /3(s), 
cf Definition 1121111 
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4- a <+ /3 iff a <ls /3 and for each i £ [d(s),£(s)) if s(i) = l&z ^ /n(a(s|i)), 
then there are sequences {afc}fc<i<" of diagrams and a sequence {wfc}fe<_fs: C 
/ such that 

aK = a{s\i) & ao = {plk)\ k'ik < K{ak+i <l„^ ak & d('yfe) = i} (30) 

Lemma 4.38 a ^t f^Szt <iex u => a(M) = /?(«)■ 

Proof. This is seen from Lemma [4.36121 n 

Lemma 4.39 Suppose that u — tV u <iex tV t <iex u. 

1. Suppose 5 <\u 7 <lt /5. Then 6 <is (3 for s = max<j^^{u, t}. 

2. Suppose that 5 <+ 7 <if (3. Then 5 <+ (3 for s = max<,^^{M,i}. 

Proof. 

14.39111 This is seen from Lemma [4.381 
14.39121 By Lemma HSU] we have S <is /S. 

If either u — t or t <iex u, then d <l J /3 is seen from the definition. 

In what follows assume u <iex t. 

Let j denote the number such that u\j — t\j & u{j) = < 1 = t{j). Suppose 
t{i) = iSzi ^ In{S{t\i)). We have to show that there are sequences enjoying the 
condition (|30l). 

If i < j, then 6 <+ 7 yields the assertion. If i > j, then S{t\i) = j{t\i) by 
Lemma [4.38[ and hence 7 <1^ /3 yields the assertion. Finally assume i = j- We 
have (5(u|i))° = (7(w|i))°. If i ^ In{-f{t\i)), then pick sequences {ak}k<K and 
{vk}k<K for ^{t\i) = aK and i. Otherwise set K — Q. Now let ai<--|-i = 5{t\i) 
and (t|i) * u^^ = m. Sequences {ak}k<K+i and {wfc}fe<_ff+i are desired one for 
(5, t and i. □ 

Lemma 4.40 1. Let s be unitary with s C s[a,/3]. Assume [i{s) > d{s) => 
a -<s\(e{s)-i) (3] o,nd a{s) ^^z^-) 7' ^e(s) Pis)- Then there exists a 7 such 
that 7(s) = 7', a ^^ 7, [^(s) > rf(s) ^ 7 -<s|(£(s)-i) /5] aJ^^ 

Vj e [rf(s),^(s)){s(j) = 1 ^ J e /n(7(s|j))} (31) 

2. Assume a -<s /3&a(s) ^^tg) 7' ^^si /3(s)- r/ien there exists a 7 swc/i that 
lis) = 7' a'^'^ a ^s 7 ^s Z^. 

5. Assume [i{s) > d(s) => a ^s|(£(s)_i) /3] and ais) ^^ig) 7' <ii(s) Pis). Then 
there exists a 7 such that 7(5) = 7', a ^s 7 anrf 7 <« /3. 

Proof. 

I4.40lll bv induction on £a. Suppose s is unitary. If s is null, then 7 = 7' works. 

Suppose s is not null, and put i — lis) — 1. By IH we can assume that 

7' = ppd,+iiais)). Then Vj G [d(s),i)V(5{a ^j 5 <j (3 ^ j ^ /n(,5)} and 
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a -<^ P with 3S{a <i 5 ^i pki € In{5)}, i.e., rgi{a^) ^i (3 < a^ for any 
j G [d{s),i). Therefore the condition (|28|) in Definition 14.34111 holds . Hence 

a{s) = min{(5 : a^ d^f^i S < a'{s)}, 

where 

a' = min({a^" : j £ [d{s),i)} U {al}). 

If Q!'(s) = a^r, then we would have 7' = ppdi+i(a(s)) = a^r t^j+i /3(s). Hence 
a'(s) < a^r, and a' = a^. This means that 

a ^s\^ a' (32) 

We have af -<i+i a} — ol ^i+i a'(s) by Lemma 14.221 and hence either 
ppdi+i(a(s)) — (J{s) or a(s)<li+ia'(s) bv Lemma l4. 29121 If 7' = ppdi+i(a(s)) = 
a'(s), then 7 = a' works: If /3 < a', then we would have by p2p and Lemma 
H:^ /3(s) e {«'(s) : m < 1} < a'(s) = 7'. Hence a' < /3, which yields 7 = 
a° ^s|(€(s)-i) /?• On the other hand we have, for ([5T|). i G /ri(a,-). Otherwise 
we would have fi > o\ — cit^. 

Suppose Oi{s) <li+i a'(s). We have a^ -<f r5i+i(a(s)) = ppdi+i(a(s)) = 
7' by Lemma 14.29111 Let (5 = max{^ : a\ -<s\i bha{s) <lj+i (5(s)}. Then 
rf/i+i((5(s)) ^i+i r(7i+i(a(s)) = 7' < /3(s) < a,r by Lemma |4.18I9| and hence 
5 = aj' for a fc by the maximality of & and 8 ^s\i ^t- 

We have 5' = min({5° : j G [d(s),i)} U {af^^}) = ctl^^ and (5(s) = min{?7 : 
a\ <\+i r] < (a*''+^)(s)}. Therefore 

a '<s\^ al ^,|, a^+^ (33) 

We have either (a,*)(s) <,+i (a^+i)(s) or pM+i((af)(s)) = (a*''+')(s). By 
themaximality of (5, wehavepp(ii+i((af)(s)) = (aj^^)(s), and 7' = rgi+i{a{s)) = 
(a,^+^)(s). Thus 7 = af+^ works: Suppose /3 < a,^+\ Then by §3^ and Lemma 
li^Hl we would have ^(s) G {(a™)(s) : m < fc + 1} < (a^'+^)(s) = 7'. Hence 
a*^^^ < /3, which yields 7 = a'l'^^ ^s\{e{s)-i) P- On the other hand we have, for 
(PT|) . i G /n(a*'+^). Otherwise we would have /3 > aj'^^ = a^r- 
14.40121 bv induction on i{s). The unitary case follows from Lemma [4.40111 

Next let s = So * • • • * Sk-i * Sfc be the unitary decomposition of s, and t = 
So* ••• *Sfc_i. Then a -<s P <^ a -<t l3ka{t) -<s^ ^(i). Then a{s) = (a(i))(sfe) 
and similarly for /3{s). By the unitary case pick a (5 such that a{t) ^^j. (5 -<ss. 
/3(t) & J(sfc) =7'. By IH pick a 7 such that a <t 1 <t P k j{t) = 6. 
14.40131 The unitary case follows again from Lemma [4.40111 

Next let s = So * • • • * Sfc_i * Sk be the unitary decomposition of s, and 
t — So * ■ ■ ■ * Sk-i- Then t Cg s|(^(s) — 1), and, by Lemma [4.40l2[ it suffices to 
find a 6 such that a{t) ^s^ ^ Osfc P{t) and S{sk) — 7'. This is seen from Lemma 
KMT] a 

Lemma 4.41 Assume a ^ /3 and a y^s P for an s Cg s[2;a,/3]. Then there 
exist a 7 and a t such that t C^ s and a <t 1 <\t P- 

Moreover let 7 denote the minimal diagram for which the above conditions 
hold for some t. Then there are no 5 and no u such that u <iex t and a :<t 5<\^^. 
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Proof. We can assume that £{s) > 2 ^ a ^g- (3 for s~ — s\i with i — £{s) — 1, 
and a{s) ^\tg\ P{s). We show t = s works for a 7. 

First consider the case when £{s) = 2, i.e., s is empty. Then a ^ /3 while 
a 7^2 /3- This means that a ^2 1 ^2 P for a 7. In what fohows assume £{s) > 2. 

Second consider the case when s{i) = 0. Then a{s) = a{s^) -<^ /3{s) while 
ot{s) 7^f+i (3{s). On the other side s{i) — yields a{s) ~<i+i /3(s). Hence by 
Lemma [4.29121 there exists a 7' such that a{s) d:^_^_l 7' <li+i f3{s). By Lemma 
14.40131 pick a 7 so that 7(5) = 7' and a ^s 7 <it Z^- 

Third consider the case when s{i) = 1. Let s = sq * • • • s^-i * w = u ^ w be the 
unitary decomposition of s. Then a{u) = a{s~) ^^ /3(m) while a(s) T^f^^ /3(s). 
From a -<s- /3 and s{i) — 1, we see that (a(w))^ < /3(u) and a{s) = min{(5 : 
(aH)° ^r+i 5 < (aH)l)(^;)}. 

If /3(s) = a^r, then we would have a{s) -<^,i (3{s). Hence /3(s) < a^. 

Wehave(aH)J^i (aiu))] ^,+1 (/3(m))| ^f+i /3(s). Therefore a(s) ^^+1. 
Hence by Lemma 14.29121 there exists a 7' such that a{s) ^f+i 7' <i+i /?(s)- By 
Lemma [4.40131 pick a 7 so that 7(5) = 7' and a ^s 7 <lj^ /?• 

Lemma [4.391 with the minimality of 7 yields the last assertion of the lemma. 

D 

Lemma 4.42 Assume a ^^ 7 cind a ^^ r/ <l„ (5 Of 7 /or a w Cg s n i. Then 

4f^U <#tift <lex s V t Ce s. 

Proof. If M = i Cg s, then a(i) ^^(4) rj{t) <ie{t) S{t) <ii{t) l{t), and hence 
a{t) 7^i(t) l{t)- This is not the case. 

Assume u Ge tSzu Ce s & #w = #t. Then t ^ u * v for a non empty null w. 
We have a ^u 77 <„ J -<« 7 and a -<„ 7. Hence 

?K") ^^(«) ^(") ^f(«) r9£(«) (»?(")) ^£(«) 7(w)- 

Therefore 3^[5(u) ^f(„) f -(^(„) 7(w)&^(u) e /n(0] by Lemma HUll This 
contradicts t{£{u)) — and t C s[(5, 7]. □ 

Lemma 4.43 Let a <\f (3. 

1. Assume s{i) — 1 andi ^ In{a{s\i)) for an i 6 [d{s),£{s)). Then there exist 
a sequence {ak}k<K (K > 0) of diagrams and a sequence {vk}k<K Q I 
enjoying liSO\) and the following condition (Cf. Definition \4.S7\^ ). 

Each Vk is null, and \fk < K — l{vk Ce Vk+i}- 

2. Assume =ffu > ^s and u <iex s. Then a{u) = a-^ and ~'37[7 <l,i a]. 

Proof. 

14.43111 By the Definition 14.37141 let i^ > denote the least number for which 
there exist sequences {ak}k<K and {vk}k<K enjoying pOI) . 

Note that Vk{i) = since Vk C s[ak+i,ak] and s[d{vk);ak+i,ak]ii) = by 
(afc+i)? = ao- 
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Claim 4.44 1. Each Vk is null. 
2. yke{Q,K){vk-i^eVk). 

Proof of Claim W^^ by simultaneous induction on k. 

Supposing that Vk is not null, let ruk = min{TO > i : Vk{mk) = !}■ i^k > i 
by Vk{i) = 0. 

Now mo > i e /n(ao) yields ao(uo|(™o+l)) = ("0)11 = ao(i'o) 7^ »'5£(t>o)("i(^o))- 
This is not the case, and vq is null. 

Suppose Wfc-i is null, while v^ is not null. Then Wfc-i Ce Wfe and m^ > 
€(wfe„i). Since Vk-i is null, afe(ufc_i) = afc. 

Hence m^ > (.{vk~i) S In{ak) yields afc(wfc|(mfc + 1)) = ((1^)7^ = afc(wfc) 7^ 
''5^(i>fc)(Q^fc+i(''^fe))- This is not the case. 

Suppose TTik — i{vk-i), and let i{vk-2) = i ii k = 1. Then by IH we have 
In{ak-i) 3 i{vk-2) < iivk-i) = ruk, and (afe)°(„^_2) = "fe-i = afe-i(ufc-i) -< 
'rgeivk-i)io^k{vk-i)) = rgmt{ak)- Therefor e akiv k\imk + 1)) = (ak)^. Again 
this is not the case. We have shown Claim |4?44I1I 

Suppose both Vk-i and Vk are null, and Vk-i <^e Vk- Then we shown that 
sequences can be shortened contradicting the minimality of the number K. 

Suppose either Vk-i <iex Vk or Vk <iex Vk-i- Then ak+i <!v Oik-i for v = 
max<,^^{wfc_i, Ufc} by Lemma [4.39111 

Suppose Wfe Ce Vk-i. Thenafc = afc(wfe) ^e(vf,) rgi(y^){ak+iivk)) = rgt(^y^){ak+i) 
and Vk-i{i{vk)) — 0. The latter means that there is no S such that ak :^i{vk) 
S ^e{vk) Q^fc-i- Therefore from Lemma [4. 16161 we see ak+i <ivk ctk-i- 
14.43121 Let i denote the number such that u{i) = < 1 = s{i) &u|i = s\i. By 
#w > #s, let j = min{j > i : u{j) = 1}. We show a{u\{j + 1)) = a-^. Then 
a{u) = a{u\{j + 1)) = a-j, follows. 

Suppose i G In{a{s\i)). Then the condition pSI) in Definition 14 . 341 is broken. 
Specifically a{u\i) = (a(u|i))° < (a(u|i))'-, and hence a{u\{j + 1)) 



a. 



In what follows assume i ^ In{a{s\i)), and let {ak}k<K and {vk}k<K denote 
sequences in Lemma [4.43111 for i. 

j > £{vk-i) Let £k = £{vk) for k G [0,K) and £-1 = i. Then we have 

4 >4-i for any fc G [0,ii:). 

First consider the case when j = £k for a fc G [0,K). Then £k > £k-i G 
In(ak) and (afe+i)^^_^ = ak < rgi^{ak+i). Hence a(u|(4 + 1)) = a.^. 

Otherwise there exists a maximal k G [~1,K) such that ^^ < j. Then 
(aK)°^ = Ofe+i < {aK)'j, and hence ck(u|(j + 1)) = a^r- We are done. □ 

5 Wellfoundedness proof for Od{IlN) by means 
of inductive definitions 

In this section we work in the theory HAr_i-Fix and show the 

Theorem 5.1 For each a < dn£TT+i,i-s-, each a G 0(1(11^)]^, H^-^-Fix 
proves that (0(i(HAr)|ck, <) is a well ordering. 
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5.1 Operators Qi 

Define operators Qi {1 < i < N — 1) on Od{Il]\i) recursively from ttie operator 
g{X) in Definition! 



Definition 5.2 Define inductively Il^-operators d {I < i < N — 1) as follows. 
1. 

gi{x):=g{x). 

2. For l<i<N -I 

g^,{X):^f]{g,{X):l<3<t}. 

3. For s e /(2) 

a e gs{X) :^ V7 <+ a[j e g<2+#s{^) ^ 7 < X\a]. 

4. For2<i<N-l 

g^ := f]{Gs{X) : s e /(2) & 2 + #s = z}. 

Now let us define an operator F^v on Od{Ili\j) from these operators. 
Definition 5.3 

a e FAr(X) :<^ a < TT&a G g<:N-i{X) & 

[a e S-i? ^ V7 e P„(7 e e(X) ^ 7 e X)] & 

V7 e g<N-l{X)[j ^s[2;f.a] a ^ 7 < X|a] 

Let us examine the complexity of these operators. By induction on i we see 
that f/i is a n?-operator, and hence F^v is n^_-^. In this subsection we work in 
n^_-^-Fix, and write F for T^, \a\ for |a|rivj resp. 

We see easily that F — Tn enjoys the hypotheses (F.O), (F.l) and (F.5) in 
Subsection 13.31 Furthermore (F.3) and (F.4) follow from the facts: li a ^ R' 
or a G SR, then a G 5<Ar_i(X) for any X. 

Lemma 5.4 All of gi and F — Tn are persistent and enjoys W C F(W). 



Proof. By Lemma [3T9] tjj^ = g is persistent. Hence by induction on i we see, 
from Lemma [2. 21 11 all of C^j are persitent, too. Therefore so is F. W C F(>V) 
follows from Lemma [3.261 □ 
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5.2 Adequacy of the operator T 

We next show that F enjoys the hypothesis (r.2). First we show the following 
lemmata. 

Lemma 5.5 Assume a, S G Gi{X). Then a < S Sza y^ 5 ^ a < X\5. 

Proof. Let 77 denote the diagram such that a < rjhrj < 5 < pd2 (r/) . We have 
a < 77 G C^{X)\S C X\6 by Lemma [330l3] and S G GiiX). D 

Lemma 5.6 Let 2 < i < N — 1 and X = T^ for an ordinal x. Then 

a^f3kae g<.,{X),Pe g<^+l{X) ^a<X\f3ya-<soP, 

where sq denotes the longest initial segment of s[2;a, f3] such that #so < i — 2. 

Proof by induction on i. Suppose a y^sa P- By Lemma 14.411 pick a minimal 7 
and an s such that s Cg so, and 

a <s 7<l+;5&2 + #s < i. 

We show 

7e ^<2+#s(^)- 

Then by /3 e Q<^+l{X) C Q,{X) we conclude a < 7 < X|/3. 
Assume a ^ X\I3. By Lemma 13.161 we have for any 5 

a<5^5^gi{X). 

Thus7egi(X). 

Let t ^ I denote an initial sequence such that ^t < jj=s, and suppose 
G<2+#t{X) 3 5 <it 1- Then t Cg s[2;5, 7] by the definition, and #t<ifs< 
#so < i ~ 2. We have to show 5 < X\'j. 

Put 

ao = minja, 5}, ai = max{a, 5} and v ~ s[2; ao, ai]. 

It suffices to show ao < X\^ C X|/3. 

First consider the case when ao ;^ ai. By Lemma l5.5l we have ao < X\ai C 
X|7. 

In what follows assume ao ^ ai. 

Second consider the case when s <iex t. Then by Lemma 14.39121 we have 
(5<^/3. /3 e a<»+i(^) C a2+#t(^) yields ^ < X\l3. By the assumption a ^ X|^ 
this means that 6 < X\a C X\j. 

In what follows suppose s -^lex t- Then we have either t Ce s or t <iex s by 
#t < #,s. Let w = 3 nt and i = £{w). Then s|i = t|i and t <iex s => t{i) = < 
1 = s(*)- 

We show the following claim. Claim [5T7I4I yields the lemma by X\ai C X\j. 

Claim 5.7 1. t <icx s =^ 6{w) ^i a{w). Therefore a ^ 6. 
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2. w Cg V. 

3. ao T^w ai- 

4- Q^o < X|ai. 

Proof of Claim O 

15.7111 Assume t <iex s and S{w) <i a{w). Then by t\{i + 1) C^ i C^ s[2;5, 7] 
and i(i) = 0, ^rj{5{w) -<i rj -<i 7(^)1 with w — t\i — s\i. On the other hand we 
have 3'q{a{w) :<i rj -<i "/{w)} by a -<s 7 and s{i) = 1. A contradiction. 

Assume a — S. Then S^w) = a^w) and hence t -^lex s, i.e., t Cg s. But then 
we have a -<f 7 & a Of 7. This is not the case. 

15.7121 Suppose w <^e v. We have w Cg s[2;ao,7] and ai -<w\{t{w)-i) 7- Thus by 
Lemma 14.36141 we have v <iex w. But then a{w) — S{w), and hence t -^lex s by 
Claim [5".7lll Hence we have w ^ t ^ s\i Ce s, and this would yield a{s\i)<]ij{s\i) 
contradicting a ^s 7- 
15.7131 Suppose ao '<w ai- 

First consider the case when ai = a. Then S ^^ a -<„, 7 and hence i5 ^^ 7- 
If t Cg s, then this means that 6 ~<t 7, contradicting 5 <( 7. t -^lex s is not the 
case by Claim [STtTT] 

Next consider the case when ai = S. Then a -<m S&za ^^ 7 and hence 
6 ^lu 7. i Cg s is not the case since this contradicts S <t 7. Assume t <iex s. 
Then a{u) -<j 7(u) = (5(u) for any u with w Cg u Cg s, and j — £{u). Therefore 
a ^s S <f /3 by Lemma [4.39121 This contradicts the minimality of 7. 
[ETlil Let j - 2 := #u; < #< < #.s < i - 2. 

First consider the case when ai ~ a. Then we have ai — a € G<iiX) C 
g<j+i{X) and ao = <5 e e<2+#t(A:) C e<j(X). Thus IH with Claims E32] and 
15.7131 vields ao < X\ai. 

Assume ai = S. We have ao = a E g<i{X) C Q^j[X). On the other hand 
we have S C G<2+i^t{X) C Q^j[X). Therefore we can assume #w = #t. 

Again IH with Claims [5.7121 and 15.7131 vields either a < X\S or a ^^o ^ for 
the longest initial segment of s[2; a, S] such that #Wo < j — 3 = #w — 1. Now 
pick a M Cg w and an rj so that a ^„ 77 <l„ J by Lemma 14.411 Then we have 
#u < #i = #«; by Lemma [4.421 Hence u Cg wq, and a t^^jo ^- Thus a < X|(5. 

D 

Proof of Theorem IJTfl for F = Fjv. Assume q;,/3 e W and a < /3. Put 
a; = |q^|j?/ = |/3|- We show x < y by induction on the natural sum x=fl=y. 
Suppose X > y. Put X = F^,y — F^. We show a <Y. As in [8j we see, using 
IH, a e ei(X)|/3 = ei(y)|,3&a C ^<Ar_i(y), and we can assume a ^ P € V^ 
bylH. 

Then Lemma 15.61 with i = N ~ 2 yields either Q;<y|/3ora^s/3 for 
s = s[2;a,f3] since #s < TV - 4 == i - 2. Assume a -<s /?. Then t;<jv-i(i^) ^ 
a-<s P eTNiY). Consequently a < F]^ by Definition [Ol 

This completes a proof of Theorem 14.71 for F = Fjv • ^ 
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5.3 Proof of Lemma 14.111 

In this subsection we prove Lemma [4. Ill for Od(n^r) and F. 

Definition 5.8 Gi := g,{W) and G^i+i := 0<i+j(W) for 1 < i < TV - 1. 

Lemma 5.9 For any i < N ~ 1, if Gi 3 a d: P (^ 2?'5 and r :— rgi(p) I, then 
st,(p)eC"(W). 

In particular, Qi 3 a < p e V^ ^ stN-iip) e C'iW) = W^ for tt = 
rgN-i{p)- 

Proof. Assume Gi 3 a ^ p £ V§ and put ly = st,{p). Then a e C"(W), 
and hence v € C"{yV). On the other hand we have Vk < rlKi^iy < a] by the 
condition ([?7)) . (1^.2) in Definition 14.141 and Lemma 12.2131 Lemma 13.61 with 
C"(W)|aC W yields i/eC^(W). D 

Definition 5.10 1. a denotes the sequence of ordinal diagrams {a{s) : s € 
I{2,N — 2)} ordered by the opposite relation of <iex on /: 

a := {a{s) : s G /(2, iV-2)) = (•••, a{sn), a(s„+i), ■ • •} where s„+i <iex s„. 

2. 7 -<%_i a denotes the lexicographic ordering on the finite sequences 7 of 
diagrams with respect to the ordering ^5v-2- 7 ^jv-i '^ '^^ 

3s e I{2,N-2)[yt e I{2,N-2){s <,e. t ^ 7(t) = a(t)}&7(s) ^^_2 a{.s)]. 

Lemma 5.11 For each a G 0(i(njv)|7r, 

a e G<N-i => a G W. 

Specifically, for each n G w, 

Va e X''^VQ;^[a ^ a^ G I?^&6(a^) < a;„(7r + l)&a G ^<Ar-i ^ a G W]. 

Proof. Assume b{aTr) < a;„(7r + 1) for a ^ a^ G P,r- Then Lemma [4.311 yields 
st7v-i(a) < si7v-i(aAr_2) < ^("t) < w„(7r + 1). 

Assume a G G<n-i- Then for any i G I{2, N—2), stN^i{a{t)), stN-i{a{t)°j^_2) G 
W^|w„(7r + 1) by Lemma [Ol It suffices to show a G r(yV) C W, i.e., by 
Definition 15.31 show that for any 7 G G<n-i with s = s[2;7,Q!], if 7 ^s a, 
then 7 < W|q;. By Lemma [4.321 we have stN^i{'j{s)) <iex stN^i{a{s)) for 
'stN-iia) = {stN-iia%_2),stN-iia)). 

On the other hand we have Vt G I{2,N - 2){s <iex t ^ 7(t) = a(i)}, i.e., 

7 -<%_i a by Lemma 14.381 

Thus the lemma is seen by induction along the lexicographic ordering -<jv-i- 

D 

Proof of Lemma [4. Ill for Od{liN)- We have to show for each n G to 

Va G Wrrltonin + l)Vg C W^\Lj„{n + l)A{a, q). 
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By main induction on a S W^[w„(7r + 1) with subsidiary induction on q C 
yV,r|w„(7r + 1). Here observe that if /3i G 2? with b{/3i) < w„(7r + 1), then by 
Lemma [4. 191 we have Q(/3i) < max{6(/3i),7r} < CL'„(7r + 1). 

Let ai e 2?^ with cr e W^ and a = 6(ai)&:Q = Q(ai). By TheoremlXM] 
we have ai e Qi. We show ai G W. By Lemma 15.111 it suffices to show 

We show the fohowing claim. Claim [5^12121 with K — 1 yields ai e G<n-i- 

Claim 5.12 Let -q G Q<2+#s for an s E /(2). 

Assume that there exist sequences {r]k}k<K of diagrams and {sk}k<K C 
1(2) {K > 1) such that rjQ = a\, r\K — Vj sk-i = s, Vfc < K[r]k+i <l^j. r]k] and 

yk<K - l[sfe Ce Sfc+l & #Sfc < #Sfe+i]. 

Then the fallowings hold. 

1. OLi ^rgi,(^g){T]{s))i and sti(s){-q{s)) G W^|w„(7r + 1). 

2. ?7 G W. 

Proof of Claim [5712111 Put v — sti(^s){v{s)) and r = rgi(^s){v{s))- 

First weshowQi -< r. Wehave r]k+i{sk)<ie(sk)Vkisk), a-ndhence rgii^sk)iVk{sk)) ^ 

r9eis^){'nk+iisk)). On the other hand we have rg<,(^^^)(?7fc+i(sfc)) ^ rg^(5j^^i)(7?/c+i(sfc+i)) 

by i{sk) G In(r]k+i{sk)) Sz Sk ^e Sfc+i and Lemma [4.36151 Hence we see ai — 

Vo ^ rgii^,^-){r]i{so)) ^ r5f(s^_i)(77x(sx_i)) = r. 

Next we show i^ G yV7r|i^n(7r + 1). By Lemma [4.18161 and i < A^ — 1 we have 

V < TT. 

Lemma [531 with rj G G<2+#s ^ ^i yields 



V G C^(W) (34) 

By Lemmata 14. 18161 and 12.41 with ai ^ t we have 

ByrM<b{ai)=a (35) 

Now Lemma 1321] together with MIH(a), dM]) and dSS]) yields i/ G ^'(W) = 
W^. This shows Claim |5II1IT1 

Proof of Claim imil 
For each s G /(2) let 

£;(s) := ^{3^-3-*-(l-s(i)) ■.2<i< ^(s)}+^{3^-3-<.2 . ^(g) < j < ^_3}_ 
Observe that for s, t G /(2) 

S Cet V S <lex t ^ ^(s) > E{t). 

We show the Claim [57l2l2l bv a triple induction: by main induction on E{s) with 
subsidiary induction on the length £{rgi(s){v{s))) of the diagram rgi(^g-j{ri{s)) 
with sub-subsidiary induction on stii/s\{ri{s)) G Wj^luniTT + 1). 
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We have ^(r/Tr) = &((ai)ir) = a < Wn(7r + 1). By Lemma [5.111 it suffices to 
show r] G Qt for any t G /(2) with #i > #s. 

Suppose G<2+#t 3 (^ <t^ ??• We show 6 eW. 

We can assume t -^i^x s by Lemma [4.43121 Then by #t > #,s we have one 
of the three cases s Cet, s <iex t and s — t. 

First consider the case when s Ce t. Extend the sequences {??fe},{sfe} by 
one, i.e., 5,t. MIH with E{s) > E{t) yields 5 e W. 

Second consider the case when sk-i = s <iex t. Since, in general, we have 

U Ce S <lex t ^ U Ce tW U <lex t, Ict K' = max({fc < K — 1 : Sk Ce t} D {0}). 

Consider the sequences {rik}k<K'^{S} and {sk}k<K'^{t}- Then we see 5<\friK' 
from LemmaHSnill Thus MIH with E{s) > E(t) yields S CW. 

Finally consider the case when s = t. Then S<ifri = tjk <\^ rjK-i yields &<\'^ 
rjK-i by Lemma [4.39121 On the other hand we have rg£^s)(jl{s)) :< fg((^g^{5{s)). 
^i rgi,(^s){v{s)) ^ ?'5'^(s)(<5(s)), then ^(rg<;(s)(?7 (s))) > i{rge(^s-,{S{s))). Otherwise 
we have si^(s)(?7(s)) > stg(^s){S{s)) by Lemma [4. 18131 Considering the sequences 
{Vk}k<K U {S} and { sk}k<K , SIH or SSIH yields SeW. 

This shows Claim [5^12121 and completes a proof of Lemma [4. Ill for W. □ 

Lemma [4.111 vields Lemma [4. 121 ai e W-^ for each ai e Od{IlN) as in [8]. 

Consequently Lemma [3.181 vields Theorem 15. II 



6 Wellfoundedness proof by distinguished classes 

In this section we work in the set theory KPn^v for Iljv-reflecting universes and 
show the following theorem. 

Theorem 6.1 For each a C Od{Ili\f)\n, KPIIjv proves that {Od{IlN)\ct, <) is 
a well ordering. 

In [T] a system (0(11^?), <) was shown to be wellfounded. Our wellfounded- 
ness proof in [1] is formalizable in the second order arithmetic nJ-CAo+S2~"C^i 
that is to say, we have assumed that the largest distinguished class Wd defined 
by a E2~-formula exists as a set. 

Our wellfoundedness proof is an extension of one for ©(Ha) in [3 , and is ess- 
ntially the same as given in [4] . Lemmata stated without proofs are either easy 
or similarly seen as in [2] and [3]. 

X,Y, . . . range over subsets of Od(IlN)- While X,y, . . . range over classes. 

6.1 Distinguished classes 

In this subsection distinguished classes are defined and elementary facts on these 
classes are established. 

Definitions concerning the distinguished class are modified by requiring that, 
for any distinguished class X, a £ X ^ a G V*{X) for a class V*{X) defined 
below. 
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Definition 6.2 1. Foi 2<i < N -1 define, ef. Lemma BT^I51 

a O^ /3 :<^ a -<i ^&K = rgi{a)l= rgi{P)l ki G In{a). 

2. oT :— maxjcr G i? : ct < a}. 

3. For 2 < i < A^ - 1, 

^. For 2 < i < A^ — 1, VI {X; S) denotes the wellfounded part of tire relation 
{(a,/3) :ae t/»(X; (5) &a Of /3}. Tims: 

a e F/(X; ^) ^ V/3 e [/,(X; J)[/3 of a ^ /3 e Vf{X; 6)]. 

5.Fot2<i<N-1, U>,{X; S) := n^<,<Ar-i U,{X;S). 
6.For2<t<N^ 1, H^,{X;5) := a;<,<A.-i H^{X;S). 

7. For 2 < i < iV - 1, 

a £ Ht{X; 5) -.^ V^ £ U,{X; <5)[/3 <f a ^ ^ £ l^»*+i(^; '5) n F/(X; 5)]. 

8. For 2 < i < iV - 1, 

a e V* [X] 5) :^ V/3{a dl^ P < t^ ^ P & i?>,(X; (5)}. 

Thus V^_i(X;(5) = Od(nAr). 

5. For 2 <i<iV-l, ae t/;(A:;(5) :^ V/3{a ^^ /3 < tt ^ /? G C/>i(X; (5)}. 

iO. For 2<i<iV-l, UV*{X-5) ■- U*{X]S)r\V*{X;S). 

11. For 2 < i < iV - 1, a G t/i(X) :^ a G [/.(X; a). 

a G Vf{X), a G HI,-{X), a G T/,*(A:), a G ^/^(X) and a G C/K*(^) are 
defined similarly by diagonalizations. 

12. 

a G V*{X) -.^ae V2*{X)kC"{X)\a C V^^X). 
Cf. Lemmata mn] and [UMl for the added condition C°'{X)\a C y2*(^)- 

13. VC"{X):^V*{X)nC°'{X). 

Lemma 6.3 1. For i < N - I, V*{X;S) C V*^j^iX;S) n HS,^{X;6) and 
HnX;S)CVfiX,6). 

T{X;5) 3 a <, P ^ P e T{X;5) for i < N - I and T e {V*,UV*}. 
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2. {j{K^v : V = sU{5),i <N -l,a < rg,{5)] < -/ for V^ 3 j d: S. 

3. Assume y <ZXka<l3. ThenT{y;a) C T{X;P) for T e {U^,U*} 
T{y;a) 2 T{X-P) for T e {Vf,Hf,V*}, and hence V2*iy) 3 V2*iX), 
V*{y) D V*{X). 

4- For any classes A',3^ C Od(njv) enjoying the condition (A) in Definition 
rOl i.e.,ya e X[ae C"(A')] the following holds: 

X\a = y\a ^ V/? < a+{VC^iX)\p+ = VC'^{y)\P+}. 

Proof. 

[Qin V*{X;S) C y4i(X;(5) follows from Lemma OH 

Km\ Put r :=U{^Ti^: ly^ st,{d),i < N - l,a < rg,{5)}. Then F < 5 = (5^ 

follows from the condition (|27)) of (P. 2) in Definition 14.141 Since ^F < £S, we 

have iiT^y = 0, and hence Y < j follows from Lemma [2.2131 

[OI51 V/{y;a) 2 Vf{X;l3) is seen from U,{y;a) C Ui{X;l3). Using this 

and V^_-^iX]d) = Od{nN) for any X and (5, we see T(y;a) D T{X;/3) for 

T e {fff , F,*} by induction on N - i. 

16.3141 Let /? < a+, and A:", 3^ enjoy the condition (A) with X\a = y\a. We 

have ;3- < a, and hence C/i(-^;;3) = t/i(3^;/3) for any i. Therefore HI^X-p) = 

Hf{y;P). This means that V^{X)\P+ = V^\y)\l3+. Finally consider yC"(X). 

By Lemmata [S3I2] and Owe have C'^(A') = C"(A') = C"(3^) = C^O'). Hence 

y*(A:')|^+ = V*{y)\l3+ and FC'5(A')|/3+ = VCf^{y)\l3+ for any /3 < a+. D 

Remark 6.4 Lemma [6. 3141 is needed for us to ensure the one of the most basic 
properties of distinguished classes X,y: 

a<Xka<y ^ X\a+ = y\a+ . 

Here is the reason why we have restricted the sets Ui{X\5) and Vf{X]5) 
to 5~ . If the restriction is absent, say V^{X) := V^{X\tt), we would have 
V2{X)\a+ ^ V2*(y)|a+ even if X\a = y\a since for some 7>a, a^/3&7^,3 
and hence we could have, e.g., 7 £ Ui{X) &7 ^ Ui{y). 

On the other side the upward requirement /3 e Hy^{X;S) for any /? with 
a ^j /3 < TT in Definition [OH of l^j*(X;5) will be used in Claim ESI] and 
Theorem 16.331 

Definition 6.5 For X,Y C Od{UN) and a e Od(Hjv), 

1. D[X] :^X < 7r&Va(a <X ^ WVC°'{X)\a+ = X|a+). 

A class X is said to be a distinguished class if Z)[A:']. A distinguished set 
is a set which is a distinguished class. 

2- Wd:^\J{X\7::D[X]}. 

Observe that FC"(A) is H} in X, WVC^iX) is H} in H}(A) and hence 
D[X] is A2 in X. Thus Wd is S2 ^'^id hence a proper class. Wd would exist as 
a set if we assume I]2^-CA. 

Obviously any distinguished class X enjoys the condition (A) \/a £ X[a £ 
C"(A')] in Definition! 



44 



Lemma 6.6 D[X]kae X =^ V/?[a € V*{X) nC^{X)]. 

Proof. Assume D[X]ka G X. Then a G X\a+ = P^FC"(X) C V*{X) n 
C"(X). Hence a G C^(X) for any /3 < a by Lemma [XSTTl Moreover for ^ > a 
wehaveaGX|/3CC'^(X). D 

In the following Lemmata 16.71 and 16.81 I denotes a class family of distin- 
guished classes, i.e., \/X G X D[X]. Set 

Wx^[j{XeI:D[X]}. 

The following Lemmata l6.7[ l6^ I6.9l and l6.10l are seen as in [2] from Lemma 
[1311 and inn 



Lemma 6.7 D[X]kX elka < X ^ Wi\a+ =X\a+. 

Lemma 6.8 I?[Wi]. In paricular D\Wd\- 

Lemma 6.9 TI[Wd\- 

Lemma 6.10 Suppose D[X], a G Q{X) n V*{X) and 

"iPiX <likli+ <a+ ^WVC'^{X)\p+ CX) (36) 

Then a G WVC°'{X)\a+ k D[WVC°'{X)\a+]. 

Lemma 6.11 Let X he a distinguished set. Assume 7 G V*{X), X\^ C Q{X) 
and a < 7&Vcr < -f[K^a C X]. Then C"{X)\a C V2*{X). 

Proof. We show by induction on £/3 that 

l3eC"{X)\a^ ISeC'iX)]-/. 

On the other hand we have CiX)]-/ C V^{X) by 7 G V*{X). Hence C°'{X)\a C 
V2*(X) follows. 

Iil3 GX,then/3GC^(X) follows from LemmaHn If/3 ^ 2?, then /3 G C'CX) 
is seen from IH. Assume (3 G Po- with a. a > a. 

First consider the case 7 < cr. Then Vk < 7[iir„/3 < /3 < a] by Lemma r2.2l5l 
Lemma EMI with IH yields l3 G C^(X)|7. 

Finally assume a < cr < 7. Then pick a (5 G /"Cera C A"|(q + 1) such that 
/3 < (5 G X|7 by Lemmata [2JI1 and [lllISl We claim l3 e X. Then /S G ^(X) 
follows from Lemma [6.61 again. Assume (3 < 5. We have 6 G ^(A'), and hence 
/3 G C"(A)|(5 C C^{X)\S C a: by LemmaESEI We are done. D 

Lemma 6.12 Let X be a distinguished set. Assume 7 G A'. 

1. V/3 G A:|7VCT[a G C^{X) ^ K^a C C^{X)]. 

2. a £X\-i^\Ja{K„a<ZX). 

3. ae C^iX) ^ Vo- < j{K^a C AT). 
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4. aeC'<{X)\-f=>aeX. 
Therefore 

D[x] ^ X c g{x). 

Proof. By main induction on 7 e X with subsidiary induction on £a we show 
these simultaneously. 

16.12111 Let /3 e X|7 and a e C^^{X). If a e X\P, then K^a C X by MIH on 
Lemma [6.12121 Hence Kc^a C C^{X) by Lemma [6.61 Otherwise the assertion 
follows from SIH. For example ii a eVp with p> f3, then {p} U c{a) C C^(X). 
SIH yields K^a C {a} U K^{{p} U c(a)) C C'^{X). 

16.12121 Assume a £ X\-f. Then a G C"(X), and hence K^a C C"(X) by Lemma 
16.12111 We can assume K^a < a by Lemma [2:211 Then if^a C C"(X)|q C X 
by MIH on Lemma [6J2l4l 

16.12131 Assume a e C'^(X) and ct < 7. If a G ^[7, then Lemma KT^ 
yields K^-a C X. Otherwise the assertion follows from SIH. For example if 
a e Vp with p > 7 > CT, then a 7^ ct and {p} U c{a) C ^(X). SIH yields 
K^a C iC^dp} U c(a)) C X. 

16.12141 Assume a G C^(X)|7. We show a £ X. We have I¥T/C''(X)|7+ = 
XI7+&7 G V*{X) by 7 G X. Thus it suffices to show a G F*(X). By 
7 G V*{X) we have a G V^iX). On the other hand we have Vct < 7[i4ro-a C X] 
by Lemma JEHU and XI7 C g{X) by MIH on Lemma KTM\ Consequently 
Lemma mn] yields C"(X)|a C V2*iX), and hence a G V*{X). We are done. D 
Thus ^[X] :<=> i:)[X] enjoys these hypotheses {9.i){i < 2) in Subsection [3?2] 
Therefore by Lemmata 13.15121 13.15131 13.41 and I1I2I we have the conditions (K) 
Vria e X ^ Kra C A"], (KC) VaV/3VCT[a G C(^{X)k(j < l3 ^ K^a C X], 
V/3VT[a G C'^(X) =^ Kra C C'^(X)] and A" C g{X) for any A" G {X : D[X]} U 
{Wc}. 

Lemma 6.13 Let X be a distinguished set, and suppose 

'neg{x)nv*{x) (37) 

and 

yj-^r]{"feg{x)nv*{x)^-fex) (38) 

Then 

r] G W^V^C''(X)|?7+&i:>[I^l/C''(X)|?7+]. 

Proof. By Lemma [6.101 and the hypothesis (P7)) it suffices to show 

\/f3{X <f3k(3+ <a+ ^WVC^^{X)\13+ CX) ([36]) 

Assume X < /3&/3+ < 7/+. We have to show WVC^{X)\(3+ C X. We 
prove this by induction on 7 G WVCf^{X)\l3+ . Suppose 7 G VCi^{X)\P+ and 
yC'^(X)|7 C X. We show 7 G X. 
We show first 

First 7 G ^^^(X) by 7 G V^C'^(X)|/3+. Second we show the following claim by 
induction on £a: 
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Claim 6.14 a G C^{X)\-i ^ aeX. 

Proof of Claim EH We have a G V^iX) by 7 G V*{X), and a G V*{X) by 
Lemmata 16.111 16.12141 and (KC) for X. Therefore we can assume 7^ < /? by 

yc'3(x)|7cx. 

First consider the case a ^V. Then Lemma fS. 6111 with IH yields a G C^{X). 
HenceaGFC'^(X)|7CX. 

Therefore we can assume a G Vp for some p > 7. Then {p} Uc(a) C C^(X). 
Casel. f3 < p: Then Vk < P[Ki^{{p} U c(a)) = Kf^a < a < 7]. Hence Lemma 
[SMlwith IH yields a G C^{X) and a G FC''(X)|7 C X. 

Case2. (3 > p: We have 'Dp3a<^<p<l3. Pick a (5 G -ftrp7 such that 
a < ^ < 7 by LemmaHMl 7 e C(^{X) with (KC) yields FC*(X) 3a<5 (^X. 
Therefore a G P^FC''(X)|(5+ = X|(5+. 

Thus Claim l6TT4l was shown. D 

Hence we have 7 G a(^) n V*{X). We have 7 < /3+ < r/&7 G C^(X). If 
^ < rj, then the hypothesis ([55)) yields 7 G X. In what follows assume ^ -/<r\. 

If Vk < r;[i(:„7 < 7], then LemmalMEyields 7 G ^(X)!// C X by ry G ^(X). 

Suppose 3k < r\\Kt^'^ = {7}]- This means that 7 G P and EIk < 77[7 ^ k] 
by 7 7^ 77. Let r denote the maximal such one. Then r G C''(X)&7 < r < 
77&VK < r/[ii:«T < 7] by Lemmata [SHU [2MI and [i;!!] Lemma [SJll yields 
T G C''(X)|77 C X by 7/ G Q{X). Therefore t G X < /3. 7 G ^^(X) with (KC) 
yields {7} — K^^ C X. We are done. □ 

Thus Q{X\ -.^ D[X] enjoys these hypotheses (6'.i)(i < 4) in Subsection [XD 
(demonstrably in the set theory KPM+V=L of recursively Mahlo universes with 
the axiom of constructibility). Here note that we have a G V*{X) for any X 
and any a ^ V^ . 

6.2 Mahlo universes 

In this subsection we introduce several classes of Mahlo universes and establish 
key facts on these classes. This is a crux in showing Od{Il]y) to be wellfounded 
without assuming the existence of the maximal distinguished class Wd- 

From Theorem 2.4 in p. 315 of [TT] we know that there exists a Ha-sentence 
ad such that z is admissible iff (z; g) \= ad. Put 

Imtad :^ \fx3y{x G y & ad^) 

Observe that Imtad is a H2-sentence. Let Lmtad denote the class of limits of 
admissible sets in a whole universe. 

Definition 6.15 1. By a universe we mean either a whole universe L with 
(L; g) f= KPH^v or a transitive set Q G L in a whole universe L such that 
w G Q. Universes are denoted P,Q,... 

2. For a universe P and a set-theoretic sentence Lp, P ^ Lp :<^ (P; g) |= ^■ 

3. A universe P is said to be a limit universe if Imtad^ holds, i.e., P is a 
limit of admissible sets. 
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4- For a universe P, Ao(Ai) in P denotes the class of predicates which are 
Ao in some Ai predicates on P. 

5. L denotes a whole universe L with (L; g) |= KPIlAr. 

Lemma 6.16 Let P be a limit universe and X G V{uj) D P. 

1. V*{X) andWVC^iX) are Ai and D[X] is Ao{Ai). 

2. V*{X) = {a: P\^ae V*iX)}, WVC"{X) ^ {a : P \^ a e WVC"iX)} 
and D[X] ^ P ^ D[X]. 

Definition 6.17 For a limit universe P set 

W^ = \J{X G P : D[X]} = [J{X eP:P^ D[X]}. 

Thus W = Wd for the whole universe L. 
Lemma 6.18 For any limit universe P 

D[W^]. 
Proof. This follows from Lemma l6^ □ 

Lemma 6.19 For limit universes P,Q, 

QeP^W'^ cw^kW'^ eP. 

Lemma 6.20 For any limit universe P 

13 G C^iW^) o 3X G P{D[X] k/3e C^iX)}. 

Proof. By the monotonicity of C°'{X) we have the direction [■(r-]. 

The converse direction [— ?>] is seen by induction on £f3 using the fact 
{X,},<„ C P&Vz < nD[X,] ^ U<„^. e P^D[[j^<j,X,]. a 

The following lemma is seen as in Lemma 16.201 using Lemma 16.3131 

Lemma 6.21 For any limit universe P 

a G U*{W^;6) ^ 3X G P{D[X]kae U*{X;S)}. 

Some preparatory definitions are introduced. We say that a class X C Lmtad 
is a Hn-class for n > 2 if there exists a set-theoretic n„-formula F{a) with 
parameters a such that for any set P with a <Z P 

P G A" <=» (P; g) h F{a) A lmtad. 

Thus P G A" is a Ao-formula. For a whole universe L, L G A" denotes the 
formula F(d). 

By a Hq- class we mean a n„-class for some n > 2. 

Referring [11], pp. 322-327 let Ili(a) {i > 0) denote a universal n^-formula 
uniformly on admissibles. Set 

P G Mi{X) :^ P G Lmtadkyh G P[P h ni(6) -^ 3Q G A" n P{Q h n,(6))]. 

Observe that Mi{X) is a Hj+i-class if X is Hj-class. 
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Lemma 6.22 Let X be a IlJ-c/ass such that X C Lmtad. Suppose P € M2{X) 
and a G QiyV^). Then there exists a universe Q E X such that a G ^(W'^). 

Proof. Suppose P G M2{X) and a G ^(W^). 

First by a G C"(>V^) and Lemma [6.201 pick a distinguished set Xq & P so 
that a G C"(Xo) 

Next writing C"(W^)|a C W^ analytically we have 

V^ < a[/3 G C"(W^) =^ 3r G P{D[Y] kf3eY)] 
Again by Lemma 16.201 we have 

13 G C"(yV^) o 3X G P{D[X] & /3 G C"(X)}. 
Thus we have 

V/3 < aVX G P3Y G ^[(^[X] & ^ G C"(X)) ^ (^[r] & ^ G F)]. 

By Lemma [6. 16121 we have D[X] o P ^ ^[-'^l for any X ^ P. Hence by Lemma 
I6.16lll the following n2-predicate holds in the universe P G M2{X): 

V/3 < ayX3Y[{D[X] & /3 G C"(X)) ^ (^[y] & /3 G F)] (39) 

Now pick a universe Q & P D X such that Xq G Q, Q |= (15^ . Tracing the 
above argument backwards in the limit universe Q we have C"(W'5)|q C W'^ 
and Xo C W'^ = \J{X e Q : Q ^ D[X]} e P. Thus by Lemma E]^ we have 
a G C"(>V'5). Hence a G g{W'^). □ 

In the following key Definition 16.231 we define H^v-classes M[ri,i;a] {2 < i < 
N — 1) and H^+i-classes M{ri, i; a) {2 < i < N — 1) hy induction on A^ — i for 
r] gV^ and a G Od(HAr)|7r, cf. Subsections l43l l44l and Remark [Ql 



Definition 6.23 Let 2 < i < A - 1. 

1. P e M[i], N -l;a] iff P G Lmtad and 

P e f|{MAr_i(Af [7, N-1; a]) : C/^_i(W^; a) 3 7 ^JV-i v}- 

2. For 2 < i < N ~ 1, P e M{rj,i;a) iS P e Lmtad & i G /n(?7) and 

5. For 2 < i < A^-1, 

PG M['q,i]a] :^ P G Af [77, i + 1; a] H Af,(A'(?7°, i; a)) 
where X{ri,i;a) denotes the class 

X{r],i;a) := M[T],i + l;a]nf]{M{T]^,i;a) : m < Ih^irf) -1}. 
Note that 

X{Tf^,i; a) = Af [?7°, i + 1; a] n p|{A/(77r\ i; a) : to < //i,(r/) - 1}. 
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4. M[7j,2]:=M[7j,2;7j]. 

Let us examine how these classes are defined for a fixed a. Note that 
U*{'W^;a) is Ei on P. First M[r],N — l;a] is defined as a IlAr-class using 
a recursion lemma, cf. [llj . pp. 322-327. Namely there exists a primitive recur- 
sive function g'-'^~^'{'i]; a) such that 

P e Af [77, TV - 1; a] 4^ P h nAr(g[^-il (77; a)). 

Suppose that Iljv-classes M['y,i + l;a] has been defined for any 7 and let 
(^['+i]('-y; Q.) be a primitive recursive function such that 

P e A/[7, 1 -I- 1; a] 4^ P h nArl^I^+il (7; a)). 

Then M(?7, i; a) and M[ri^ i; a] are defined as a Ili+i-class and a Iljv-class, resp. 
using the function g^^'^^' and a simultaneous recursion lemma. 

We say that a universe P is an rj-Mahlo universe if P e Af [77, 2]. 

Now we show that if P is an 77-Mahlo universe and C/V2*(W^) 3 ^ < rj, then 
P is n2-refiecting on 7-Mahlo universes, i.e., P S Af2(Af [7, 2]), cf. Theorem 

Lemma 6.24 If a< jS, then Af [77, i\ 13] C Af [77, i\a\ for 2 <i < N ~ I. 

Proof. Assume a < /3. Then U*{X;a) C [/*(A:';^) for any classes X. By 
induction on G with subsidiary induction on N ~ i show simultaneously 

P e Af [7;, i; /3] ^ P e Af [77, i; a] (2 < i < TV - 1), 

and 



P G Af (7;, tp)^ P e M{ri, i;a){2<i<N - 1). 



D 



Lemma 6.25 Assume P e Afi-|_i(Af [77, i-l-l; a]), and either P G Afi(A'(7;^,7;a)) 
orri = ri1k.P ^ (\{M ('qY' , i\ a) : m < lh^{r]) - 1}. T/ien Pg Af,(Af [77, i; a]). 

Proof. 

First consider the case when P G Afi+i(Af [77, i + l;a]) fl Afi(A'(r/^, i; a)). 
Since Mi{X{r]^, i; a)) is a Ei+i-class, P reflects it on Af [77, i + l;a]. Namely we 
have with Af|77,i;a] = M[7j,i + l;a] n M^iX {tj° , i; a)) , P G Afj+i(Af [77,7; a]) C 
Af,(Ar[77,i;a]). 

Next consider the case when P G Mi+i{M[ri,i + l]a])r\f]{M{r]^,i;a) : m < 
lhi{ri) — 1} and rj = 77^. By the first case it suffices to show P G Mi{X {rj^ , i; a)) 
with the class 

X{r]^,i;a) = Af [r/,", i + 1; a] n f|{Af (7],", «; a) : m < lh,irj) - 1}. 

Since M{ri™, i; a) are Ili+i-classes, P refiects these on Af [77° , i -I- 1 ; a] = Af [77, i + 
l;a]. Namely we have P G Afi+i(A'(77°, i; a)) C Mi{X {r]° , i; a)) . We are done. 

D 
The following is the key lemma. 
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Lemma 6.26 1. Suppose 2 <i < N - I, pd,{-/) = rj and 7 G UV*{W^] a). 
Then for any class P 

P e M[ri,i;a] ^ P e Mi{M[-f,i;a]). 

2. Suppose N - 1 > i e In{j) & 7 e H-{W^;a) Szr] ^ ^j. Then for any set 
P 

P e X{r], i;a)^ P e Af (7, i; a) 

with X{r], i; a) == M[f], i + l;a]n f]{M ir]^' , i; a) : m < lh,{r]) - 1}. 

Proof. These are shown simultaneously by induction on N — i. First we show 

Lemma 16.26111 for the case i — N — 1. Second Lemma 16.26121 is shown assuming 

Lemma 16.26111 for the case i + 1 . Finally Lemma 16.26111 is proved assuming 

Lemma WWI\ 

16.26111 for the case i = N — 1 follows from the definition of P 6 Af [77, A^ — 1; a]. 

Namely we have 

t/^_i(W^; a) 3 J ^N-1 ?7 & P e Af [ry, N-l;a]^Pe Afjv-i(Af [7, iV - 1; a]). 



In what follows assume i < N — 1. First we show the following claim. 

Claim 6.27 Assume Lemma \6.26ll\ holds for ani < N — 1. Then the hypothesis 
pdii'j) = ?y can be weakened to j ^i rj as follows: Suppose 7 -<i r/ and 7 G 
UV*{WP;a). Then 

P e M[T],i;a] ^ P e Af,(Af [7,1; a]). 

Proof of Claim W^Tl\ This is seen from Lemmata 16. 3111 [6. 3131 and 16. 211 and the 
fact Af,(Afj(A')) C Af,(A'). D 

16.26121 Suppose i G In{-/)k-f G H^{yV^;a). We show P G Af(7,i;a) by 
subsidiary induction on 7 G VfCW^ia) for sets P assuming P G X(ri,i;a) for 
the diagram rj — -fj = (^.9i(7))?- Note that the relation of is transitive. 

Assume U*{W^;a) 3 S Of 7. Then 5 G Vf{W^;a) n UV*+j^{WP;a) by 
7 G HfCW^ia), and rgi{S) = rgi{'-f) and hence 6} = rj. By Lemma [4.211 and 
Definition IHni we have Vm[0 < to< lh,{S) - 1 => S''^' = T^f'^^] and (5° = S since 
i G In{S). 

We have to show P G Mi{M[S,i;a]). By Lemma [6.251 and S^ = S it suffices 
to show the following claim. 

Claim 6.28 1. P e Mi+i{AI[S,i + l;a]). 
2. P e ^{MiS"^, i;a):m< lh,{S) - 1}. 

Proof of Claiming 

16.28111 By 5} = r/ and Lemma KTH we have S = 6° ^^+1 r/. We have P G 

X{r],i;a) C Af [77, i + 1; a]. Therefore Claim W^T7\ and IH on Lemma [6.26111 for 
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the case z + 1 yield Claim 16.28111 

16.28121 First consider the case to > 0. Then we have ^™ = yy™^^ and P G 
Xir],i]a) C M(?7™-\i;a) = Af(5™,i;a). On the other side P G M{S,i]a) 
follows from SIH. Thus Claim [^28121 was shown. D 

16.26111 for the case i < N - 1. Suppose pdi{-f) = 7y, 7 g UV*{W^;a) and 
P G M[r7,z;a]. We have to show P G Mj(M[7,i; a]). 
By Lemma [4.241 one of the following cases occur: 
Case null 

77 = M(7) = pd,+i{j)klh,{j) = Z/i,(r7) & Vm < lh,{j)[jr = C] 

7 G UV*:^^{yV^ ; a) and P G M[r7,i;a] C M[q,i + l;a]. Thus by IH we have 
P G Mi_|_i(Af [7,1 + l;a]), and hence by Lemma [6.251 it suffices to show P G 
M^{X{-f°,i;a)). This follows from 7° = 7/° and P G M[r],i;a] C M,(A'(r/0,i + 
1;«)). 

In what follows assume i G In{'-f). 
Case [112412 

^5.(7) = M(7) =V^1? = 7&VTO < ?/i,(7,) = Ih^i^) - l[7yr - 7-+"] 

Then 7 = 7O -^^+1 7I = 77^. We have P G M[r?, i; a] C M,{X{r]°,i; a)) with 

A'(?7°,i;a) = X{'^l,i;a) 

= M[-il,i + 1; a] n fl{^(7^'", J; a) : < to < //i,(7) - 1}. 

Let Q be any limit universe in P such that Q G X{jl,i; a) and 7 G C/*^;^(W"3; a), 
cf. Lemma [5.211 We claim that Q G Mi{M[^,i;a]). This yields 

P G M,{X{-rl,i;a)) C M,(M,(A/[7, z; a])) C M,(M[7, z; a]), 

and hence we are done. By the definition we have 

g G M[jlt + l;a] (40) 

Q G f|{M(7f',i;a):0<TO<//7,(7)-l} (41) 

By Lemma [6. 191 we have W'^ C W^, and hence 

7G[/l^;+i(W«;a) (42) 

and 

7Gfff(W«;a) (43) 

On the other hand we have 7 <i+i 7/. Therefore IH on Lemma [6.26111 i.e., 



Claim [623 with ^ and (gSj) yields 

QGM,+i(M[7,z + l;a]) (44) 
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On the other side Lemma [6.26121 with the set Q G X{'-fl,i;a) and (^5)) yields 
Q € M{j, i; a). Hence we have by (|4T|) 



Q e f]{Mi^r, *; a) : m < lh,{-f) - 1} (45) 

Now Lemma [123 with 7," = 7, dH]) and (gS]) yields Q £ Mi(Af [7,^; a]) as 

desired. 

Case [mis 

7] = pd,{-f) ^, rg.i-f) & 7° = 7 & 

3m[0 < m < //i,(77) - 1 & rg^ir^T^') = rg,{^) & st,(77r"') > ^^,(7) & 

Vfc < Ih.i'n) - m + 1 = lK{-i){k > ^ 77™-!+'= = 7,f )] 

Then we have U*{yV^]a) 9 7 <f 77™"^ for an m with < to < lhi{ri) ~ 1. 
PeM[r7,i;a] CM(r?f-\i;a) yields P S M,(M[7,z; a]). D 

Lemma [6.26111 i.e., Claim [6^271 yields the following Theorem 16.291 

Theorem 6.29 Let P he an rj-Mahlo universe. Then P is Il2-reflecting on 
j-Mahlo universes for UV^CW) 3 'j ^ rj: 

P e M[t], 2] & UV^{W^) 3-1 <i]=>Pe M2(Af [7, 2]). 

Proof. By Lemma WM we have P e M[r],2] = M[r],2;r]] C Af[ry, 2;7]. On 
the other hand we have 7 € UV^iW^; 7). Thus Lemma [OtlTl i.e., Claim [ITTTI 

yields Pe M2(M[7,2;7]). D 

Lemma 6.30 ^(X) C U^(X). 

Proof. Assume 7 G ^/(X). Let (5 e V'^ such that 7 ^ (5 and f — sti{S) for an 
i>2. We have to show Y := Ujii'cri' : cr < rgi{6)} C XI7. By Lemma r6.3l2l we 
have Y < J. 

On the other hand we have -f e C''{X), and this yields S e C^{X), and hence 
r/ e C^iX) by the definition of the set ^(X). Therefore F C ^(X) follows 
from Lemma [XHEl Thus we have F C C^(X)|7 C X. D 

Theorem 6.31 For any set P and ry 

?7 e a(W^) n F*(W^) &P G A/2(Af [?7, 2]) ^ r? e W^ 

Proof. We show this by induction on e. Suppose, as IH, the theorem holds for 
any limit universe Q £ P. By Lemma [6. 221 pick a Q e P so that for X = W*^ G 
P,r] G g{X)kQ G Af[7?,2]. By Lemma [ISE] we also have 77 G V*{X). Hence 
we have 

T]Gg{x)r\v*(x) daii) 

On the other side Lemma 16.301 and Theorem 16.291 yield 

V7 < 77(7 e g{X)r\V*{x) ^ Q e Af2(Af[7,2])}. 
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Now IH yields 

V7 -^ 77(7 e g{x) n V*{X) ^ 7 e X) 

Therefore by Lemmata 16. 181 and 16. 131 we conclude 

r] e WVC^{X)\tj+ e PkD[WVr'{X)\rj+] 

and hence 77 G W^. □ 

Now we establish the existence of 77-Mahlo universes for each 77. Here the 

Iljv-reflection of the whole universe enters proofs. 
Recall that W^ =C''{W^). 

Lemma 6.32 Let L be a whole universe such that L |= KPIIat, and 77 £ V'^ . 
For each n G cu, ij h{'q) < w„(7r + 1), then 

V7 e P«{77 ^ 7 e C/^_i(W^; 77) ^ L e Af [7, N-l; 7/]}. 

Proof. Let 77 ^ 7 G 2?'^. 
First we show 

^ ^ 7 e C/^_i(>vL;77) ^ stN^iil) e >V,|w„(7r + 1) (46) 

By Lemmata 14.191 and 12.41 we have sijv_i(7) < Q(7) < max{6(7),7r} < 
max{6(77),7r} <i:j„(7r + l). 

On the other side 7 e U^_^{W^\r]) means that V/3[7 ^at-i (3 ^ 13 e 
t7Ar_i(W^;77)]. In particular Ui^^r;^ : cr < tt} C W^ with i^ = stAr_i(7). 
Therefore Lemma 13.111 with the condition (2?. 2) (|27|) in Definition 14.141 yields 
u e C''(W^) = W^. Thus we have shown ^. 

We show that V7 e f/^_i(yvL; 77){7/ ^ 7 =^ L e Af [7, iV- 1; 77]} by induction 
on st]\[-i{j) £ Wtt up to each w„(7r + 1), cf. (|46)) and Lemma [3.20151 Suppose 
77^7eC/^-i(WL;77). 

L e Af [7, A^ — 1; 77] is equivalent to 

V5 e L/^_i(wL; 77)V6((5 ^a,_i 7&L h ^N-i{b) ^ 

3g(fe e g & Q h nAr-i(6) & g e Af [5, TV - 1; 77]). 

Suppose (5 G C/;;,_i(yvL;7;)&(5 ^AT-i 7&L h nAr_i(6) for a &. Then 
stAr_i((5) < stAr_ 1(7) by Lemma [4. 151 

By IH, Hat-i (5) A L e Af [(5, iV — 1; 77] holds in L. Since this is a HAr-formula, 
HAT-reflection for the whole universe L yields 3Q{b e g & g |= HAr_i(6) & g g 

M[S,N-l;r]]). D 

Theorem 6.33 For each n G u! 

V77 e t/^_i(W^) n y2*(W^) n V^[b{r]) < a;„(7r + l) ^ L G Af [77, 2]]. 

Proof. Assume 77 e ;7^_i(wL)ny2*(W^) and 6(77) < w„(7r + l) for an 7; e P^. 
We show the 
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Claim 6.34 1. ry ^ 7 < tt ^ L G M,(A:'(7,i; 77)) /or z < A^ - 1. 

2. 7y^7<7r^LG M[7, i; rj] for i < N -I. 

Proof of Claim IB".34I by simultaneous induction on ^7 with subsidiary induction 
on A^ — z. Suppose rj ^ j < n. 

First 7 G C/^_i(W^; ry) and hence by Lemma lO^ we have L G M^y, N-1; 77], 
i.e., Claim l5734l2l for the case i = N—l follows. In what follows assume i < N~l. 
16.34111 First by SIH we have L G M[j,i + 1;?/] n f]{M[jl''+\i + 1;??] : m < 
Ihii-y) - 1}. By reflecting Iljv-classes M[7,? + 1;??] and M[7"+\? + I;/;] we 
have 

L G AfAr(A/[7,z + l;77]nf|{M[7f+\i + l;r;]:m<Z/i,(7)-l}) 
C M,(M[7,z + 1;?7] nf|{M[7™+\i + l;7y] : m < Ih^ij) - 1}). 

Let L ^ ni(6) for a 6. Pick a set P in L such that P G M[-j,i + l;r]]n 
n{M[7f+\z + 1;77] : m < ;/i,(7) - 1}, P h n.(6) and 77 G F2*(W^;r;) by 
Lemma [6. 3131 We claim that 

P G X{-f,i-7^) =. M[7,i + 1;77] nfl{Af(7r,z;77) : m < lh^il) - 1}. 

This yields L G Mi(A'(7, i; 77)) as desired. 

Now we show that P G M(7™, i; r/) by reverse induction on to < lhi{j) — 1. 
Suppose PGn{A^(7l"^^^^^; J?) : k< lh,{-f)-m-2} andput 6 = jI^. We have 
to show P G M{S,i;r]). By LemmaWMSj = jr^\ lhi{5l) = Ihii^/) - m - 1 
and Vfc < lh,{S})[iS})'^ = SI+'' = 7^"+^+'=]. Therefore we have P G X{6li; 77) = 
^[7^""^^* + l;^]n^{^(7^'"^^^^^;^) :fc<^/l^(7)-m-2}. On the other hand 
we have S G Hf(yV^;r]) hy -q ^ 5 and 77 G V2{y^^]'q). Consequently Lemma 
16.26121 vields P G M{5, i; 77) for the set P. We are done. 

16.34121 By SIH we have L G Af [7, i + 1; 77]. Also by Claim 16.34111 we have 
L G M,{xl-f°,i; 7?)). Therefore L G Af [7, 7 + 1; 77] n A^,(A'(70, i; rj)) = Af [7, i; 77]. 

Thus we have shown Claim 16.341 D 

Claim 16.34121 for the case 7 = 77 & i = 2 yields L G Af [77, 2] . D 

Now we conclude the following theorem. 

Theorem 6.35 For each n ^ uj 

V?7 G P[77 G GiW^) n V*{yV^)Szb{r]) < w„(7r + 1) ^ 77 G W^]. 

Proof. Without loss of generality we can assume rj G 2?*^ by Lemmata l6.13l and 
W:T2\ Assume 77 G g{W^) D V*(yV^) kb(r]) < Lj„(7r + 1). By Lemma [1301 and 
Theorem I031 we have L G M[r], 2] and hence L G Af2(Af2(Af [j?, 2])). By Lemma 
[021 pick a limit universe P such that rj G g{W^)nV*(yV^) kP & Af2(Af [77, 2]). 
Then Theorem [631] yields 7/ G W^ CW^. □ 
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6.3 Wellfoundedness proof (concluded) 

In this subsection we show {a} U c{ai) C Wj^ ^ ai G W^ for each ai G V. 
Thus a proof of Theorem 16. II is completed. 

By Theorem 16. 35[ cf. Lemma [5. Ill we have for each a G Od{IlN)\T^, 



for 



aegnv* ^aeW^ 



g -.^ g{W^) and V* := V*{W^). 



Proof of Lemma [4. Ill for W . We have to show for each n G w 

Va G W^|w„(7r + l)Vg C W^|a;„(7r + l)A{a, q). 

By main induction on a G >V,r|a;„(7r + 1) with subsidiary induction on g C 
WTrl^ni'n' + 1). Here observe that if /3i G 2? with 6(/3i) < w„(7r + 1), then by 
Lemma [4.191 we have Q{(3i) < max{&(/3i),7r} < aj„(7r + 1). 

Let ai G Pg. with cr G Wtt and a = b{ai) kq — Q{ai). By Theorem l3.23l we 
have ai G ^. We show ai G W . By Theorem 16.351 it suffices to show ai £ V*. 
We have a &V* U {tt} by cr G W^- We show the following claim. 

Claim 6.36 Let2<i < N -1. 

1. c"i(W'^)|ai c v^{yv^). 

2. a ^ /3 < IT ^ 13 e H^^{W^;ai). 

3. rj^aikrje C/,(W^; ai) &ai -< rg,{r]) i^ rj e VfCW^-^ai). 

4. ?7 ^ ai&ai -< rgi{r])i^ 77 G iJf(W^;ai). 

Proof of Claim [nSni 

16.36111 C"i(WL) |ai C T/2*(WL) follows from ai G ^(W^). 

16.36121 If cr r< ^ < TT, then a G F2*(WL;cr) yields /3 G i7|2(W^;c^) ^ 

7J^2(W^;"i) by LemmainSH 

16.36131 Assume -q <aik-q e Ui{yV^]ai) kai -< rgi{r])i ioi a.n i < N - 1. We 

show 

si^(?7)e >V^|w„(7r + l) (47) 

We have 7 of 77 => 5^1(7) < sti{r]) for cr ^ rgi{j) — rgi{rj). Therefore by 
induction on 5^^(77) G W7r|w„(7r + 1) we see 77 G Vf{W^; ai). 

Put i^ — stiijj) and r — rgi{rf). By Lemma [4.18161 and 7 < A^ — 1 we have 
V = sti{r]) < TT. Thus we have shown sti{r]) < w„(7r + 1). 

On the other hand we have 77 G Ui{W^; ai). Namely [J{KkV : k < t} C W^. 

Hence Lemma [3. Ill with the condition (2?. 2) (|27l) in Definition 14. 141 vields 

v G C^(W^) (48) 

By Lemmata 14.18161 and 12.41 we have 
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B>ri'y) < a (49) 

Now Lemma [321] together with MIH(a), (gll) and (gH) yields v € C'iW^) = 
W^. This shows (|Tf|. 
16.36141 by induction on A^ — i. 

Assume 77 ^ ai feai -< rgi{ri)l ior an i < N — 1. Let Ui{W^;ai) 9 7 <lf 77. 
We show 7 e Vi+i(>V^; ai) n y/(wL;ai). 

First by Claim EUSlwe have 7 G Vf{yV^;ai). 

Next suppose 7 ^^+1 /3 < tt . Then ai ^ rgi{ri) = rg;(7) ^^ ^^^ +1(7) ^j+i 
^ by (I?. 11) in Definition WIM Hence cr ^ /3, and Claim [05I^ yields ^ € 

Finally Lemma 14.18151 with i e In{"f) yields ai ~< rgi(^) <i rgj(^) for any 

j > i + 1 with rgj{"f) |. Therefore 7 G iJ>^_|_j^(>V^; ai) by IH. Consequently 

7e^r+i(WL;ai). 

This shows Claim [OH D 

Now by Claim 1^36141 we have ai G i/>2(W )■ O^ the other hand we have 

ai^/?<7r^/3G i/|2(W^;ai) by Claim [6,36l2l and hence ai G V2*iW^;ai). 

Thus Claim [13111] yields ai G V*. 

This completes a proof of Lemma [4. Ill for W . D 

Lemma [4.111 yields Lemma [4. 121 ai G Wtt for each ai G 0(i(nAr) as in [8j. 
Consequently Lemma 13.181 yields Theorem 16.11 
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